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pretation of p with a (possibly infinite) domain D, and which assigns extensions and references as follows:
Ext) P; E;.
Ref, r.

Here is a recipe for constructing an interpretation 1° of p with a finite domain D° (a domain of size 2K).

First, note that there are 2X categories (viz., properties) that can be defined in terms of the k predicates

D' d° Djdis acategory, definable in terms of P1;:::;Px . [Thus, jD% 2X]
Extp Pi E! fd°2D°jd’ Ejg. [Thatis, E] is the collection of categories that are subsets of E; ]

Refo r® fd'2D%jr 2d%. [Thatis, r? is the collection of categories of which r is a member.]

Theorem. p is true on | i Cplis true on 1°.

Proof. The proof goes by induction on the number of connectives quantifiers in p.

Basis Case. p contains zero connectives quantifiers. Thus, p is an atomic sentence of the form P; . Then,
by the semantics of LMPL, P; is true on | iCxrl 2 E;. But, by our construction of 1r 2EiCf 2 E?
(pause here to take some time to convince yourself that this is in fact the case!). Hence, P; istrueon I i1
P; is true on 1% And, this establishes the basis case of the Theorem.

Inductive Case. Suppose (as inductive hypothesis) that the theorem holds for all p with fewer than n
connectives  quantifiers. All that is left is to show that the theorem continues to hold for sentences p
with exactly n connectives  quantifiers. The only interesting cases from an LMPL point of view are the
quantified sentences p. There are two such cases. First, suppose p is of the form [ 8v  v\. In this case,
p will be true on | i[all of p’s D-instances are true on I. But, all of p’s D-instances will have fewer than
n quantifiers  connectives. So, by the inductive hypothesis, they will be true on | i CThey are true on 1°.
Similarly, if p is of the form [ 9v v\, then p will be true on | i Csbme of its D-instances are true on I.
But, by the inductive hypothesis, this will be the case i CSdme of p’s D-instances are true on 1°. This shows
that the theorem holds for all quantified sentences of LMPL. | leave the proofs for the cases involving the
LSL connectives (which are quite straightforward) as (simple) exercises for the reader. O

Our theorem suggests a decision procedure for LMPL. Any LMPL argument o/ of the form p;;:::;pn q
(with k predicate symbols P1;:::;Pk) will be valid i [iik corresponding conditional ¢ [ p1 & &pn T g\
is a logical truth of LMPL. That is, 7 will be invalid i Cfhere exists an LMPL-interpretation I on which ¢
is false. By our Theorem, if there exists an LMPL interpretation I on which c is false, then there exists an
LMPL-interpretation 1° with a finite domain of size 2% on which c is false. Hence, <7 will be invalid i Cthere
exists an LMPL-interpretation 1° with a finite domain of size 2k on which c is false. Thus, invalidity in LMPL
is decidable. Specifically, in order to decide whether or not an LMPL argument < is valid, all we need to do
(in the worst case) is compute the truth-value of ¢ on all of its LMPL interpretations that have domains of
size 2K, So, in the worst case, we will need to calculate the truth-value of ¢ on 2K 2 interpretations. This
worst-case computation will not be feasible for large k (even for k 3, this involves checking 16.7 million
LMPL-interpretations!). But, in principle, validity in LMPL is decidable via such a method

1For further discussion concerning the decidability of LMPL-validity, see pages 212-215 of Hunter’s text Metalogic.



