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Announcements and Such I \

Today’s Music: The Rolling Stones

= | have posted my solutions to HW #4 (with the shortest proofs | know).

HW #5 is due today @ 4pm.

— I've posted a handout entitled “Working with LMPL Interpretations”,
which contains model answers for LMPL semantics problems.

HW #6 has been posted, and will be due next Thursday @ 4pm.
== The final is in class next Thursday. You'll be given 3 hours to do it.
= I've posted two important handouts concerning the final exam:

— The (Complete) Natural Deduction Rules Handout (provided at final).

— A sample final exam, which has the same structure as the actual
final. This sample will be discussed, in detail, in lecture tomorrow.

k- Today: Chapter 6 — Natural deduction proofs in LMPL

/
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/ The Rule of [-Ellmination ' \

Rule of [=Ellmination: For any sentence [(IW)ipv [and constant T, if
[(IW)ipv [Has been inferred at a line j, then at line k we may infer T, labeling
the line ‘j [CEZBNnd writing on its left the numbers that appear on the left of j.

ai,...,an () (DODipv

ai,...,an (K T j E1
Where @T is obtained syntactically from [(IW)tpv [By:
« Deleting the quantifier prefix [(IZ)I ]

= Replacing every occurrence of v in the open sentence @v by one and the
same constant T. [This prevents fallacies, e.g., (>X)(Fx - Gx) CEh - Gb.]

= Note: since ‘ [Cmeans everything, there are no restrictions on which

K individual constant may be used in an application of [E] j
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K The Rule of [=Ihtroduction I \

Rule of [Imtroduction: For any sentence T, if ¢oT has been inferred at
line j in a proof, then at line k we may infer [(1ZJ@v [dabeling the line ‘j
[I"land writing on its left the numbers that occur on the left of j.

ai,...,an (0 T

ai,...,an (k)

(D)pv
Where [(IZJv [0 obtained syntactically from ¢t by:

j

= Replacing one or more occurrences of T in @T by a single variable v.

= Note: the variable v must not already occur in the expression @T.
[This prevents double-binding, e.g., ‘(X)(X)(Fx & Gx)’.]

= And, finally, prefixing the quantifier [(01V) [ih front of the resulting
k expression (which may now have both [wilsland [T[Sloccurring in it)./
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/ The Rule of [=Inkroduction: Some Background I

e It is useful to think of a universal claim [(XZ)tpv [ds a conjunction which
asserts that the predicate expression @ is satisfied by all objects in the
domain of discourse (i.e., the conjunction [@a & (@b & (¢pc &...)) 0§ true).
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* So, in order to be able to introduce the universal quantifier (i.e., to
legitimately infer [(I)pv [ih a proof), we must be in a position to prove
T, for any individual constant T. This is called generalizable reasoning.

= Consider the following legitimate introduction of a universal claim:

Problem is: (Vx)(Fx=>Gx), (Vx)Fx F (Vx)Gx

1 (1) (Vx)(Fx—>Gx) Premise
2 (2) (Vx)Fx Premise
1 (3) Fa-Ga 1 VE
2 (4) Fa 2 VE
1,2 (5) Ga 3,4 -E
\ 1,2 (6) (V¥x)Gx 5 vi J
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K The Rule of [-Inkroduction: Il \

= We can legitimately infer ‘( [X)IGX’ at line 6 of this proof, because our
inference to ‘Gb’ is generalizable — i.e., we could have deduced [Git []
for any individual constant T — using exactly parallel reasoning.

= However, consider the following illegitimate “ [-Inkroduction” step:

1 (1) (Vx)(Fx—>Gx) Premise

2 (2) Fb Premise

1 (3) Fb-Gb 1 VE

1,2 (4) Gb 2,3 -E

1,2 (5) (¥x)Gx 4 vi NO!

= This is not a valid inference, since ([ X)IFXx - Gx),Fb CCIX)GX!

= So, what went wrong? The problem is that the inference to ‘Gb’ at (4)
is not generalizable. We can not deduce [Gt [ 3 for any T — from

-

K the premises ‘( xX){Fx - Gx)’ and ‘Fb’. We can only infer ‘Gb’. /
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The Rule of [=Inkroduction: Four Examples'

= Here are four examples of LMPL sequents involving the three
quantifier rules we've learned so far (L1CE, Bnd 1)1

(1) (BIFx - Gx) C(X)Fx - (X)X

2) [IK)(Fx &Gx) COSO(FX - [GX)

(3) LD)Fx [L(IxX) [EX

4) (XIFx -~ (BDOGY] CO LY FX - Gy)

N /
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The Rule of [C:-Inkroduction: IlI \

Rule of [=Inkroduction: For any sentence @T, if ¢@T has been inferred at a line
J, then provided that T does not occur in any premise or assumption whose line
number is on the left at line j, we may infer [(1)ipv At line k, labeling the line
‘j Iand writing on its left the same numbers as occur on the left at line j.

al!"'r an (j) (pT

ai,...,an (k) (DOJpv j O
Where [(AW)ipv [is obtained by:

= Replacing every occurrence of T in @T with v and prefixing [(A)T ]
[Again, ‘every’ prevents fallacies, e.g., ( X)(Fx - Gx) CCIX O Fx - Gy).]

= T does not occur in any of the formulae as,..., an. [ensures generalizability]
k. v does not occur in @T. [prevents double-binding] j
UCB Philosophy Chapter 6 06/23/10

Branden Fitelson Philosophy 12A Notes 8

4 N

Proof of (1)

Problem is: (Vx)(Fx=>Gx) F (Vx)Fx=>(V¥x)Gx

1 (1) (Vx)(Fx=Gx) Premise

2 (2) (¥x)Fx Assumption
1 (3) Fa-Ga 1 VE

2 (4) Fa 2 VE

1,2 (5) Ga 3,4 -E
1,2 (6) (V¥x)Gx 5 vi

1 (7)  (Vx)Fx=>(V¥x)Gx 2,6 -l

N\ /
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Proof of (2)
Problem is: ~(3x)(Fx&Gx) F (Vx)(Fx—>~Gx)
1 (1) ~(Ix)(Fx&Gx) Premise
2 (2) Fa Assumption
3 (3) Ga Assumption
2,3 (4) Fa&Ga 2,3 &l
2,3 (5) (Ix)(Fx&Gx) 4 1|
1,2,3 (6) A 1,5 ~E
1,2 (7) ~Ga 3,6 ~I
1 (8) Fa—-~Ga 2,7 -l
1 (9) (Vx)(Fx=>~Gx) 8 Vi
UCB Philosophy Chapter 6 06/23/10
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Proof of (4)
Problem is: (Vx)(Fx=>(Vy)Gy) F (¥x)(Vy)(Fx=>Gy)
1 (1) (Yx)(Fx=(Vy)Gy) Premise
2 (2) Fa Assumption
1 (3) Fa=(Vy)Gy 1 VE
1,2 (4) (Vy)Gy 3,2 -E
1,2 (5) Gb 4 VE
1 (6) Fa—Gb 2,5 -l
1 (7) (Vy)(Fa—Gy) 6 Vi
1 (8) (Vx)(Vy)(Fx-Gy) 7 VI
UCB Philosophy Chapter 6 06/23/10
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Proof of (3)

Problem is: ~(Vx)Fx F (3x)~Fx

10

1 (1) ~(¥x)Fx Premise

2 (2) ~(3Ix)~Fx Assumption

3 (3) ~Fa Assumption

3 (4) (Ix)~Fx 3 4l

2,3 (5 A 2,4 ~E

2 (6) ~~Fa 3,5 ~I

2 (7) Fa 6 DN

2 (8) (Vx)Fx 7 VI

1,2 (9) A 1,8 ~E

1 (10) ~~(3Ix)~Fx 2,9 ~I

1 (11) (3Ix)~Fx 10 DN
UCB Philosophy Chapter 6 06/23/10
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Problem is: (3x)(Fx&Gx) + (Ix)Fx

NN N =

(1) (Ix)(Fx&Gx)
(2) Fa&Ga

(3) Fa

(4) (3Ix)Fx

(5) (Ix)Fx

The Rule of [Elimination: Some Background'

= It is useful to think of an existential claim [(1Z) v [d@s a disjunction which
asserts that the predicate expression ¢ is satisfied by at least one object in
the domain (i.e., that the disjunction [qda [C(¢pb [(¢pc [1))[1s true).

= In this way, we would expect the elimination rule for [ be similar to the
elimination rule for [Clhat is, we’'d expect the [Exule to be similar to the
[Exule. Indeed, this is the case. It’s best to start with a simple example.

= Consider the following legitimate elimination of an existential claim:

Premise
Assumption
2 &E

3 13l

1,2,4 3E

~

_/
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The Rule of [=Elimination: Il

= To derive a sentence & using the [Exule (with some existential
sentence (1) v [),Jwe must first assume an instance T of [((IV)pv []

- If we can deduce & from this assumed instance ¢(pT — using
generalizable reasoning — then we may infer & outright.

= It is because our reasoning from the instance @t of [(IN)pv (Ib &
does not depend on our choice of constant T (i.e., that our reasoning
from T to & is generalizable) that makes this inference valid.

= When our reasoning is generalizable in this sense, it’s as if we are
showing that & can be deduced from any instance @t of [(IN) v [

< As such, this is just like showing that & can be deduced from any

disjunct of the disjunction [q@da [(¢pb [({pc [1))[ANd, this is just
k like [Ereasoning (except that [Elonly requires one assumption).
UCB Philosophy
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K The Rule of Elimination: O [cial Definition'

CElimination: If [(IZ)¢v Cdccurs at i depending on ay,.. ., an, an instance ¢t of
[\ v Lis assumed at j, and & is inferred at k depending on bs,..., by, then at line
m we may infer &, with label ‘i, j, k [Eland dependencies {a;,..., an} [({H;,..., by}/i:

ai,...,an () (DJov
j (_I) T Assumption
bi,..., by (IE<) &
{a1,...,an} CfH,..., bu}/j (rEn) 7 i,j, k [EJ1

Provided that all four of the following conditions are met:
« T (in T) replaces every occurrence of v in @v. [avoids fallacies]

« T does not occur in [(IV)J@v [Jgeneralizability]

= T does not occur in &2. [generalizability]

\- T does not occur in any of by,..., by, except (possibly) T itself. [generalizability]j

UCB Philosophy Chapter 6 06/23/10
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The Rule of =Elimination: Il

Here’s an illegitimate

(M
(2)
(3)
(4)
(5)
(6)

NN wWwN =
W w

“[=Elimination” step:

(Ix)Fx

Ga

Fa

Fa&Ga

(Ix) (Fx&Gx)
(Ix) (Fx&Gx)

Premise
Premise
Assumption
2,3 &l

4 3l

1,3,5 3E NO!!

This is not a valid inference: ([X)Fx,Ga CIX)(Fx & Gx)!

So, what went wrong here? The problem is that the inference to
‘(X)(Fx & Gx)’ at line (5) does not use generalizable reasoning.

We can not legitimately infer ‘([X)(Fx & GX)’ at line (5) from an

arbitrary instance [Fit [df ‘([X)Fx’. We must assume ‘Fa’ in

particular at line (3) in order to deduce ‘([X)(Fx &Gx)’ at line (5)/

~
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The Rule of [Elimination: Nine Examples'

(B [EX LITIB)F x

(BY(Fx - A) CJFX ~ A

(B YNGY - Fx) II(Y)GyY ~ Fx]
(BJ[Fx - (BOBY] LA (KFX - Gy)

A COX)Fx CX)(A [FX)
(X)(Fx & [F3t) C(IX)NGXx & [GX)

(BOIFx - (3OIEY] CITIK)Fx

(B (Fx &Gy) LMY XNFx & Gy)
((BNFx &Gy) LN IV)(Fx & Gy)

= Here are 9 examples of proofs involving all four quantifier rules.
[p. 200, example 5]
[p. 201, example 6]
[p. 203, 1. #19 11
[p. 203, I. # 20 ]}
[p. 203, II. # 2 [0}

[p. 203, I. # 12 [}
[p. 203, I. # 5]

[p. 201, example 7]

[other direction]

~

_
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Proof of (1)

Problem is: (Ix)~Fx F ~(Vx)Fx

/
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1 (1) (3Ix)~Fx Premise
2 (2) (Vx)Fx Assumption
3 (3) ~Fa Assumption
2 (4) Fa 2 VE
2,3 (5 A 3,4 ~E
1,2 (6) A 1,3,5 3E
1 (7) ~(Vx)Fx 2,6 ~I
UCB Philosophy Chapter 6
Branden Fitelson Philosophy 12A Notes
Proof of (3)
Problem is: (Vx)(Vy)(Gy—>Fx) F (¥x)((3y)Gy—Fx)
1 (1) (¥Yx)(Vy)(Gy—=>Fx) Premise
2 (2) (Qy)Gy Assumption
3 (3) Gb Assumption
1 (4) (Vy)(Gy—Fa) 1 VE
1 (5) Gb-Fa 4 VE
1,3 (6) Fa 5,3 -E
1,2 (7) Fa 2,3,6 3IE
1 (8) (y)Gy~-Fa 2,7 -l
1 (9) (Yx)((y)Gy~Fx) 8 VI
UCB Philosophy Chapter 6
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Proof of (2)

Problem is: (3Ix)(Fx—>A) F (Vx)Fx—>A

/

18
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1 (1) (Ix)(Fx=>A) Premise
2 (2) (Vx)Fx Assumption
3 (3) Fa—=A Assumption
2 (4) Fa 2 VE
2,3 (5) A 3,4 -E
1,2 (6) A 1,3,5 3E
1 (7) (VX)Fx—>A 2,6 -l
UCB Philosophy Chapter 6
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Proof of (4)
Problem is: (3x)(Fx=>(Vy)Gy) F (Ix)(Vy)(Fx=>Gy)
1 (1)  (Ax)(Fx=>(Vy)Gy) Premise
2 (2) Fa—>(Vy)Gy Assumption
3 (3) Fa Assumption
2,3 (4) (Vy)Gy 2,3 -E
2,3 (5) Gb 4 VE
2 (6) Fa—Gb 3,5 =l
2 (7) (Vy)(Fa—Gy) 6 Vi
2 (8) (AxX)(Vy)(Fx-Gy) 7 3l
1 (9) (Ax)(Vy)(Fx—=Gy) 1,2,8 3E

\_
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Proof of (5)

Problem is: Av(3Ix)Fx F (Ix)(AvFx)

21

23

1 (1) Av(Ix)Fx Premise
2 2) A Assumption
2 (3) AvFa 2 vl
2 (4) (Ax)(AVFX) 3 13
5 (5) (Ix)Fx Assumption
6 (6) Fa Assumption
6 (7) AvFa 6 vl
6 (8) (AX)(AVFX) 7 3l
5 (9) (Ax)(AVFx) 5,6,8 3E
1 (10) (Ix)(AVFx) 1,2,4,5,9 VE
UCB Philosophy Chapter 6 06/23/10
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Proof of (7)
Problem is: (Vx)(Fx=>(Vy)~Fy) F ~(3x)Fx
1 (1) (VX)(Fx=>(Vy)~Fy) Premise
2 (2) (3Ix)Fx Assumption
3 (3) Fa Assumption
1 (4) Fa—=(Vy)~Fy 1 VE
1,3 (5) (Vy)~-Fy 4,3 -E
1,3 (6) ~Fa 5 VE
1,3 (7) A 6,3 ~E
1,2 (8) A 2,3,7 3E
1 (9) ~(Ix)Fx 2,8 ~I
UCB Philosophy Chapter 6 06/23/10
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Proof of (6)

Problem is: (3x)(Fx&~Fx) F (Vx)(Gx&~Gx)

22

24

1 (1) (Ax)(Fx&~Fx) Premise
2 (2) Fa&~Fa Assumption
3 (3) ~Gb Assumption
2 (4) -~Fa 2 &E
2 (5) Fa 2 &E
2 (6) A 4,5 ~E
2 (7) ~~Gb 3,6 ~I
2 (8) Gb 7 DN
9 (9) Gb Assumption
2 (10) ~Gb 9,6 ~I
2 (11) Gb&~Gb 8,10 &l
2 (12) (¥x)(Gx&~Gx) 11 VI
1 (13) (Vx)(Gx&~Gx) 1,2,12 3E
UCB Philosophy Chapter 6 06/23/10
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Problem is: (Vx)(3y)(Fx&Gy) + (3y)(Vx)(Fx&Gy)
1 (1) (vYx)(Ay)(Fx&Gy) Premise
1 (2) (Fy)(Fa&Gy) 1 VE
3 (3) Fa&Gb Assumption
1 (4) (Fy)(Fc&Gy) 1 VE
5 (5) Fc&Gd Assumption
5 (6) Fc 5 &E
1 (7) Fc 4,5,6 3E
3 (8) Gb 3 &E
1,3 (9) Fc&Gb 7,8 &l
1,3 (10) (Vx)(Fx&Gb) 9 vI
1,3 (11)  (Ay)(Vx)(Fx&Gy) 10 13l
1 (12) Ay)(¥Vx)(Fx&Gy) 2,3,11 3E

\_

/
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Problem is: (3y)(Vx)(Fx&Gy) F (¥x)(Iy)(Fx&Gy)

1 (1) Ay)(Yx)(Fx&Gy) Premise

2 (2) (Vx)(Fx&Gb) Assumption
2 (3) Fa&Gb 2 VE

2 (4) (y)(Fa&Gy) 3 13

1 (5) (y)(Fa&Gy) 1,2,4 3E

1 (6) (¥Yx)(Ay)(Fx&Gy) 5 vi

- j
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/Our (New) O Lcial List of Sequents and Theorems (see pp. 123, 204, and 206) '\
(DS) A [E][AIRjor; A [B] (BT Al (Imp) A - B [TOOKICE]
(MT) A - B, (B 1K1 (Neg-lmp) @A - B) [IKKk [B1
(PMI) A [Bl- A (Dist) A& (B [T) [I{A&B) [{A&C)
(PMI) [AICAl- B (Dist) A [(B&C) [CI{A [B)& (A [T)
(DN*) A Al (EFQ, or [EN Al
(DEM) (A &B) CAICTE] (Com) A CBICBICA]
(DEM) (A [B) [IIE& K] (SDN) A B ITAICE]
(DEM) C(IAICIB) [TKI& B (SDN) A CBICOOAICBICCA CIIE]
(DEM) (AR [B) [(TKICE] (LEM) AT
(QS) (BJICpk CTITTK)Px (QS) (IX) Cpx [TIIBkpx

(AV) y Crapt

In (Com), ‘ [_chn be any binary connective except ‘-’. In (SDN), ‘ [_chn be any binary

Branden Fitelson
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\connective. In (AV), W must be closed, and Y must be an alphabetic variant of . j

UCB Philosophy Chapter 6 06/23/10
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Two LMPL Extensions of Sequent Introduction I

= Here are two additions to our list of SI sequents:

~

(QS) One can infer [((IX)ICgX [from (the logically equivalent sentence)

[I{(1TX)px [,&nd vice versa; and, that one can infer [(1X) [k [from
(the logically equivalent) [TICIX)kpx [&nd vice versa.

(DAICpk [TIIR)px; and, ([X) Lk [TTTIBGkpX

(AV) One can infer a closed LMPL sentence g from (the logically equivalent

(QS)

sentence) Y5 and vice versa, where  and yTare alphabetic variants.
Two formulas are alphabetic variants if and only if they di Cerlonly in a
(conventional) choice of individual variable letters (not kosher for
constants!). E.g., ‘([X)Fx’ and ‘( [3)Fy’ are (closed) alphabetic variants,
because they di Cerlonly in which individual variable (‘x’ or ‘y’) is used,
but they have the same logical (i.e., syntactical) structure.

W Cp- (A\y
UCB Philosophy Chapter 6 06/23/10
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/ The Value of (QS) — Its Four Simplest Instances. \

/
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(Vx)~Fx F ~(3Ix)Fx ~(3Ax)Fx F (Vx)~Fx
1 (1) (Vx)~Fx Premise 1 (1) ~(3x)Fx Premise
2 (2) (3x)Fx Ass 2 (2) Fa Ass
3 (3) Fa Ass 2 (3) (Ix)Fx 2 3
1 (4) ~Fa 1 VE 1,2 (4) A 1,3 ~E
1,3 (5) A 43 ~E 1 (5) ~Fa 2,4 ~I
1, 6) A 2,3,53E |1 (6) (Vx)~Fx 5 Vi
1 (7) ~(3x)Fx 2,6 ~I
(Ix)~Fx F ~(Vx)Fx ~(Vx)Fx F (Ix)~Fx
1 (1) (3x)~Fx Premise 1 (1) ~(¥x)Fx Premise
2 (2) (VX)Fx Ass 2 (2) ~(3)~Fx Ass
3 (3) ~Fa Ass
3 () -Fa Ass 3 (4) (@0-Fx 3 3
2 (4) Fa 2 VE 23 (5) A 2,4 ~E
23 (5 A 34 ~E |2 (6) ~~Fa 3,5 ~I
1,2 (6) A 1,3,5 3E |2 (7) Fa 6 DN
T (7)) ~(vFx 2,6 ~I |2 (B (90 7
1,2 (9) A 1,8 ~E
1 (10) ~~@x)~Fx 2,9 ~I
1 (11)  (Ax)~Fx 10 DN
Chapter 6

06/23/10



Branden Fitelson

Philosophy 12A Notes

29

-

Three Examples Involving the LMPL Sl Extension (QS)I

= Here are three examples of proofs involving Sl (QS):
1. [OD)IER CX)Fx
2. [(OK)(FX & Gx) [[(IX) [GX, ( BDOGY [CL(A2){Fz - [GA) [p. 205, ex. 1]
3. (X)Fx - A CAX)(FX - A)

N

[p. 207, #7 01

[p. 205, ex. 2]

UCB Philosophy

Branden Fitelson

Chapter 6

Philosophy 12A Notes

06/23/10

31

-

O W W W wwwNPk

B
o

2
2,10
2,10

29

\ 1,2

(1)
(2)
3)
(4)
(5)
(6)
()
(8)
9)
(10)
(11)
(12)
(13)
(14)
(15)

Proof of (2)

LK) (FXx & Gx) [L(IX) [GX
(DGYy
LAY (FxX & Gx)
( BIICEK & Gx)
[(Fh & Ga)

[FA [(1Ga

Fa - [Ga
(D(Fz - [G2)
(B3 [GX

[Ga

Ga

1

(ID(Fz - [G2)
(ID(Fz - [G2)
(ID(Fz - [G2)

A

Premise
Premise
Assumption
3 S1(QS)

4 [E]

5 SI (DeM)

6 Sl (Imp)

7 11
Assumption
Assumption
2 [E1

10, 11 [E1
12 Sl (EFQ)
9, 10, 13 [E]

J

1,3,8,9 14 [E1 J

UCB Philosophy
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Proof of (1)

/

1 (1) [I)IEX Premise
2 (2) [MOK)Fx Assumption
2 (3) (BXJIEX  2581(QS)
1,2 (4) [ 1,3 [E1
1 (b)) LOIX)Fx 2,4 01
1 (6) (BJFx 5 DN
UCB Philosophy Chapter 6 06/23/10
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Proof of (3)

Problem is: (Vx)Fx—=A F (3x)(Fx—=A)

~

_/

1 (1) (Vx)Fx=>A Premise

1 (2) ~(Vx)FxvA 1 SI (Imp)

3 (3) ~(V¥x)Fx Assumption

3 (4) (Ix)~Fx 3 SI (QS)

5 (5) ~Fa Assumption

5 (6) Fa—A 5 SI (PMI)

5 (7) (Ax)(Fx—>A) 6 13l

3 (8) (IX)(Fx=A) 4,57 3E

9 9) A Assumption

9 (10) Fa-A 9 SI (PMI)

9 (11)  (AxX)(Fx=A) 10 3l

1 (12) (Ix)(Fx=A) 2,3,8,9,11 E
UCB Philosophy Chapter 6 06/23/10



Branden Fitelson

Philosophy 12A Notes

33

>

The Value of (AV) I

= Here are the two simplest instances of (AV):

(VX)Fx F (Vy)Fy

(Ix)Fx F (Ay)Fy

1 (2) Fa

1 (1) (Vx)Fx

1 (3) (vy)Fy

Premise
1 VE
2 Vi

1
2
2
1

(1) (Ax)Fx Premise
(2) Fa Ass
(3) (Ey)ry 2 1
(4) (3y)Fy 1,2,3 3E

1,2

1,2

\_

1
2

AA,\
N
g £ b e

—~
a1

(X)Fx

= Here’s an (AV)-aided proof of the following sequent

(BIFx, (IVFy - (By [L(12)6z

Premise

(DFy - (Gy  Premise

(DOFy
(DOGY
([(D6z

18I (AV)
23 -E
451 (AV)

_
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