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the attestor, we can estimate the probability of the authenticity of the
document at 22 of certainty. But when we evaluate the arguments
50 ’ A
for the contrary, we must grant that it could hardly be unfalsified
and therefore that fraud was committed is morally certain, i.e., has
299: of certainty. But there is no need to conclude from this that the
probability of authenticity to the probability of fraud is (by §7) in
the ratio of i;«g- to Th, i.e., that they are about equal [and both near
1). Certainly when we suppose that the notary has a bad reputation
we suppose also that he is not among the 49 righteous notaries who
abhor fraud, but that he is the 50th whose conscience doesn’t bother
him when he is faithless in office. But then that argument which
could otherwise prove the authenticity of the document loses all force

and is valueless.

So Bernoulli doesn’t consider super-additivity as acceptable: it arises
when there is a failure to analyze data sufficiently. One shouldn’t just
count cases but also look at the contents of the arguments for possible inter-
relationships. When they exist a different set of cases could be appropriate.
Expressed in present-day terms the argument for the conclusion, and that
for its contrary, were based on different conditions, i.e., what is involved
are the conditional probabilities

P(C|Hy) and P(=C|H>);

and if H; and H, can differ there is no reason why the two probabili-
ties couldn’t both be near 1. But with a common condition, e.g., H,Hy
{assuming Hy H, consistent) then P(C | H\H))+P(-C|H H) =1 Mor_e-
over, it is hard to reconcile acceptance of non-additivity with Bernoulli’s
belief, based on the law of large numbers which he was so proud of, that
probabilities could be obtained a posteriori from frequencies. For re%a,tive
frequencies for and against an event necessarily add to 1. We. thm.k a
conscious use of conditional probability in non-games—o_f—cha,nce situations
clarifies the matter.

As a side observation it is interesting to note the two different ways in
which Bernoulli estimates his probabilities. For the honesty of the notary
it is statistical: “.. of 50 notaries scarcely one is to be found ...”; while for
the dishonesty it is moral certainty, to which (in his chapter 1, part IV) he

has assigned the ratio 5.
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§1.5. J. H. Lambert—probabilistic syllogisms

The material to be discussed in this section comes from Lambert’s Neues
Organon oder Gedanken iber die Erforschung und Bezeichnung des Wahren
und dessen Unterscheidung von Irrtum und Schein (1764). It is an exten-
sive two-volume work of which only the fifth chapter in volume 2, entitled
‘Von dem Wahrscheinlichen’, will be of interest to us. And even then we
shall be selective, extracting from it those portions deemed to be relevant
to probability logic.

It is clear that Lambert was thoroughiy familiar with chapter 3, part IV
of Bernoulli’s Ars conjectandi. For example in §239 of his Neues Organon
we find him discussing Bernoulli’s result on combining pure and mixed ar-
guments and, as we mentioned in our preceding section, disputing its cor-
rectness. The connection between logic and probability begun by Bernoull
becomes more visible and strengthened in Lambert. Where Bernoulli refers
to the probability of a thing (res), Lambert refers to the probability of a
proposition (Setz). Moreover, probability is a notion in its own right, not
derivative from expectation. The logical structure of simple propositions
is symbolically rendered, the basic form considered being ‘4 is B’ (e.g.,
Man is mortal). To such propositions Lambert assigns a ‘natural’ degree
of probability, this being the number of A’s which are B’s, to the total
number which are or are not, as they are encountered in experience with-
out selection. In addition to the traditional syllogistic forms Lambert also
introduces—long before De Morgan did—numerically quantified forms such
as ‘24 are B’ meaning that three quarters of the A’s are B’s. But, in ad-
dition, such sentences are endowed with a probabilistic significance which
we shall be discussing presently. _

Preliminary to the first of Lambert’s probabilistic results there is the
following description of a necessary inference form (1764, vol. 2, 336):

The premises

BisC, D, E, F,etc. [ie., Bis C, and B is D, and etc.]
AisC, D, E, F, etc.

do not yield ‘4 is B’ unless the predicates €, D, E, F, etc. are, singly
or in combination [zusammengenommen|, a characterizing attribute
[eigenes Merkmal) of B. If there is one such then, calling it M, one
has an identity ‘B is M’ or, by simple conversion, ‘M is B’. The
second premise gives ‘A is M’, and hence the conclusion ‘A is B’. For
each such M there is a valid argument establishing ‘A is B’.

From this necessary type of inference a transition is made to a proba-
bilistic one (1764, vol. 2, 338-39):
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£169. If the predicates C, D, E, F, etc. are not characterizing
attributes of B, then they apply to additional subjects [beyond BJ.
Accordingly if one takes into account, as considered in §154, et seq.,
the enumeration of cases in which they apply to B and in which they
do not apply to B, or finds on other grounds the ratio between the
two, then the degree of probability that accrues from them [towards
a proof] is calculable. We content ourselves with reducing this calcu-
lation to the theory of games of chance. One imagines as many piles
of tickets as there are arguments. In each pile let this number of valid
or marked tickets to the number of unmarked tickets be in exactly
the same ratio as that of the cases in which the argument [associated
with that pile] is valid to that in which it is invalid. One supposes
then that Caius blindly takes a ticket from each pile; the question is,
how probable is it that among these selected tickets there is no valid
one? It would be as probable or as improbable that all the arguments
found on behalf of the proposition do not prove it. The theory of
games of chance specifies the following rule for this calculation. One
multiplies together the number of tickets in each pile, and likewise,
one multiplies together the number of non-valid or unmarked tickets
i each pile; then dividing the latter product by the former yields the
degree of probability thet the arguments do not prove. And if this de-
gree, which is necessarily o fraction, is subtracted from 1, then the
remainder is the degree of probability that the orguments prove.

Lambert does not explicitly say what the arguments that he is working
with are, but from the context we infer that they are arguments whose
conclusion is ‘A is B’ and whose two premises are of the form ‘M is B’ and
‘Ais M’, where M is a predicate formed by combination (i.e., conjunction)
from one or more of the predicates C, D, E, F, etc. and both of ‘B is C,
D, E, F,etc’ and ‘Ais C, D, E, F, etc’ are necessary. Then for any M
as described, ‘A is M’ is necessary but ‘M is B’ is only contingent (has
a “degree of probability”). If there are n of the predicates C, D, E, F,
etc. then there are 2* — 1 ways of forming a combination of one or more
of the predicates. Not all of these lead to independent arguments—for
example, if ‘M, is M}’ then ‘M, is B’ implies ‘M, is B'. Lambert is aware
of this and assumes that he has only independent arguments. Designating
these combinations which lead to independent arguments as M, ..., M,
we formulate his question as follows:

Given the independent arguments o, where ¢; is the conjunction

{(M; is B) and (A is M;) (i=1,...,m) (1)

with the second component ‘A is M;’ being necessary and the first compo-
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nent ‘M; is B’ contingent with probability
;= P(OJ,‘) = P(M,; is B),

what is the probability that ‘A is B’ is proved by the arguments?

_ A? each a; logically implies ‘4 is B’ the statement ‘c; proves (-A is BY
Le., a,;(,a?- — (Ais B)) is equivalent to ¢;. Thus to ask if an o, proves:
Ais B'is to ask if oy V --- V @m holds, and the probability oi%' this is
P(a1 V-V o,). The answer Lambert gives,

I—(1-p)(1 —Pz)---(l—?m), | (2)

is indeed, by virtue of the assumed inde endence e
.(This‘is not the probability of ‘4 is B, fI;r a,lthou’g?lq;;lalvt-o- jl:/(cij 1 Vimp};z?sﬂr.zl-
is J?’ 1F need not be equivalent to it—itg probability is lower boﬁnd for that
gf Ais B'.) Note that Lambert uses the metaphor of urns with lotter
t}cket.s to enable him to speak of the probability of compound propositionsy
since initially only the simple (universal) categorical proposition has a ‘nat:
ural’ probability assigned. To a present-day probabilist he is constructin
an m-fold product space of the m independent arguments. ¥

The inference form just discussed is contrasted with another type of
probabilistic inference (1764, vol. 2, 355-56):

§185. On‘ the other hand it is quite otherwise when the probability
of a conclusion [Schlufisatz] is to be determined from the probability
of the premises [ Vordersitze]. For the premises cannot be viewed as
arguments .which are separate and independent of each other, since
the conclusion depends on both conjointly; the conclusion then’ holds
when afll. premises do. This being presupposed, calculation of the
probability of the conclusion for an entire sorites [Schiufkette] can
als.o equally well be reduced to the theory of games of chance. To
this end we will again take piles of tickets and, indeed, as many as
there are Premises in the sorites. In each pile let the number of valid
jco nonvalid be in the same ratio as the cases in which the premises
1s.true to those in which it is not. One then supposes that Caius
:t;llndly takes a ticket from each pile. The question is: How probable
is tha.t-a,mong the drawn tickets no nonvalid [one] occurs, or that all
are vghd? Tl‘lis Is the degree of probability which the conclusion of
t}.le given sorites would have. To calculate this the theory of games
gives the t‘"ollowing rule: One multiplies together the number of tickets
in each .pzle; and likewise one multiplies together the number of valid
tickets in each pile; the division of the latter by the former specifies
the degree of probability of the conclusion,



70 EARLY HISTORY

We note, first of all, that Lambert is considering only necessary infer-
ences (and, of course, syllogistic ones since no others were recognized ).
When he refers to the (collection of) premises of the sorites we assume
that he means with deletion of those which are consequences of others.
The answer he gives for the probability of the conclusion, namely

P(ﬂ'l)(P(‘frz) . ..P(ﬂ"m),

where m,. .., Ty are the premises in the sorites, is the probability of the
conjunction of these premises only if one assumes their stochastic indepen-
dence. Moreover P{mwy. .. Tm), or P{m1)P(n2)...P{my) if one assumes
independence, is not necessarily the probability of the conclusion since the
conclusion is only implied by this conjunction, the value P(wime ... mp) is
just a lower bound.

It is interesting to note that Lambert believed that a contingent (prob-
able) proposition could follow from non-contingent premises. He gives the
example, for ‘C ein Individuum’ {1764, vol.2, 359):

%A sind B
Cist A (3)
folglich C% ist B.

That is to say, translating his special symbolism, three quarters of the A’s
are B’s, C is an A, therefore with probability ;2—, C is a B. His justification
for the inference form is the following (pp. 358-59):

£189. One has, then, the two propositions

3Aare B
Cis A4,

and the question is: what kind of conclusion, since they have the com-
mon middle term A, can be drawn? We suppose that both proposi-
tions are true and definite; namely, that with regard to the upper one,
one is assured that neither more nor less that 43 of the A’s have pred-
icate B; and that with regard to the lower one C is an individual and
that it is an A. If one knows no more than this it remains absolutely
undetermined whether C' is among the ;"i- of the A’s which are B’s or
among the ;A’s which are not B’s. Were this to be determined one
could forthwith conclude whether C is a B or not, and there would be
complete certainty. But as we are supposing that we know of C only
that it is an A, we can determine no conclusion other than: it is more
likely [vermuthlicher] that B applies to C than it doesn’t. Inasmuch
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as among four A’s there are always three which have predicate B, and
Sil_lce with regard to C no selection is allowed, it is then three times
more likely that C is among the A’s which are B’s than among those
which are not. Accordingly the conclusion that C is a B is not fﬁlly
certain but deviates by 43 from certainty, that is to say its probability
is 2.

To us this demonstration of Lambert involves a (tacit) assumption of
a uniform probability distribution, namely the assumption that any 43 of
the A’s is equally likely of being in B as any other. Then the ‘classical’
definition of probability applies and we may compute the probability that
any preselected A (e.g., the individual C) is in B. A simple combinatorial
calculation shows this to be 2.

We contrast Lambert’s ‘syllogistic’ inference form (3) with the following
probabilistic one which we believe reproduces the essence of it:

Forallz, P(re B|ze A)=
P{Ce A)=
therefore P(C € B) =

oo oo

This inference is valid since, on instantiating in the first premise the z to
C, we have
P(Ce€BAC € A)
P(C € A}

irom which the conclusion follows since P(C € A) = 1 and hence P(C e
BAC € A)=P(C e B).

Lambert goes on to consider probabilistic inference for a, syllogism when
there is a limitation on the middle term in the minor premise (1764, vol.
2, 360-61):

=3
=42,

§191. In all these cases [so far considered] the degree which prob-
ability [theory?] determines [for the conclusion] comes to the conclu-
sion from the major premise. We will now invert the situation and
show also how it stems from the minor premise. Let MN P@ be the
attributes of the concept B which fill up its extension [die seinen Um-
fang ausfiillen], it being left undetermined whether there is present a,
characterizing attribute of B. One then has the two propositions

MNPQis B
Cis MNP,

which again allows only a probable conclusion

Cis B,
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since we are supposing it-left undecided as to whether C also has the
attribute Q. Here the degree of probability is assigned in proportion
as the magnitude [grésse] and the number of attributes M PQ which
one already has found in C is to the magnitude and number of those
which are yet to be found. One sets, €.g.,

MNPQ=A
MNP =324

and then has the inference

all A are B
Cis 24
therefore C % is B.

The inference still holds [not only for singular C' but also] for C' gen-
eral, or particular, or with a definite degree of particularity.

In our discussion of this passage we take the case of €' an individual. In
the first place we interpret his requirement, that the attributes M, N, P, @
fill up B’s extension, to mean that the intersection of the extensions of M,
N, P, @ include that of B. Hence if, as here, Lambert has ‘A = M NP’
and ‘All A are B’, then A and B have the same extension. As for the
minor premise ‘C is %—A’, there are fewer attributes for -g-A than for A
(MNP versus MNPQ) so that 24 has a larger estension than A; let
us designate this extension by ‘(%A)p’. In addition to Lambert’s second
premise meaning ‘C € (%A)p’ there is also the tacit agsumption that an
artitrarily chosen member of ($A), has a Z chance of being an 4, i.e., that

Forall z, P(z € Alz € (24),) = 2.

Consequently, the premise ‘C' is %A’ implies that P(C € A) = % This,
together with the premise that B has the same extension as A4, yields the
conclusion P(C € B) = 2.

Trom this inference form Lambert goes on to the more general form in

which there is restriction on the middle term in both premises. He cites as
valid
2Aare B
Cis24 (4)
therefore C % is B.
He also cites as valid a form with major premise complementary to that of
(4) (1764, vol. 2, 362):
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. §193. Replacing the major premise in this inference [i.e., (4)] by
its negative, one obtains

41.4 are not B
Cis2A (5)
therefore € é is not B.

Henc.e the probability of the denial of the conclusion [C is B] is é, and
o'n thle otfller h2and that it is affirmed is % Both probabilities together
give g + 5 = §, which is the probability of the minor premise.

Shafer {1978, 355 et seq.), finds this (and similar results) to be evidence
for Lambert’s adherence to a non-additive concept of probability. Lambert
fioes in fact assert that the sum of the probabilities for a proposition and
its denial add up, in his example, to less than 1. We contend, however
Fha.t the basis on which he makes this assertion is faulty. Specifically, his’
inference forms (4) and (5) are invalid, requiring in place of the predi,ca,te
B in the conclusion the predicate AN B, respectively, ANB. For if we take
Lambert’s major premise to mean

Forall z, P(z € Blz € A) = 2, (6)
so that, instantiating = to C,

P(CeBACEA)
P(C € 4) o @

1l

and the minor premise to mean P(C' € A) = £, then
PCeBACeA)=2.8=1, (8)
Similarly, for the complementary inference form (5)
Plc¢ BACeA)=1-L =4 (9)

Adding (8) and (9) gives P(C € A} with the value  + 2 = 2. This is the
probability of the minor premise, and our explanation acc’ounis for the fact
that the two probabilities involved do add up to this value and not to 1.
Continuing his investigations of the probabilistic syllogism Lambert in-
troduces a generalization in which individuals can be one of three kinds:
those to which a given term applies, those to which it does not, and those
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to which it is undetermined as to whether it does or does not apply. He
illustrates the kind of inference he has in mind with the following example:

(20 + Je+ £u)A sind B
Cist (3a+2u)A (10)
folglich, C(Za+ FHe+ su) ist B.

The major premise here has the meaning that of the totality of individ-
1

uals which are A’s, % are certainly B’s, ; certainly are not, and for the
remaining 11—2 it is indefinite, or not determined, as to whether they are,
or are not, B’s. In the minor premise the coefficient (%a + %u) represents
the attributes of B divided into those which apply to €, weighted at -g-,
and a remaining part, weighted at %, for which it is undetermined whether
they do or do not. The conclusion of (10) says “of 20 unselected cases that
appear with conclusion of this kind and degree, 8 affirm, 3 deny, and 9
remain undetermined; or rather, in a single case, there are 8 grounds to
affirmn the conclusion, 3 to deny it, and 9 to conclude nothing, or leave it

uncertain.” o
As with the preceding inference forms, we present a reformula.tmx} n
contemporary terms. Lambert’s new feature, the inclusion of il%detegmma.-
cies, will be replaced by inequalities. Analogous to our expressing ‘54 a.,re
B’ by Forallz, Pe€ Blz e A) = g’ we shall express the major premise
of (10) b
(o) by For all z, §§P(m€BtzeA)§l%, (11)

from which, using
PlzeBlzecA)=1—-Plxg¢g B|lxc A)
and simple algebra, we have
Forallz, ;< Plx¢BlzeA)<i. (12)

Then for arbritrary z the value of P{z € B|z € A) is at least , and might
be up to ;5 more, while P(z ¢ B|z € A) is at least §, and might be up to
L more. Thus (11) encapsulates all the information in the major premise.
12 . - . ¢ 2 -pb ‘PCGA)=2,
As for the minor premise, just as we rendered ‘C is § A’ by ‘P( 5
so for ‘C is (3a + Zu) A’ we shall write

§ < P(C € A). (13)

To obtain the coefficients of a, e, and « in the concéusiog of {10) Lambert
‘multiplies’ the two expressions (Ze+ e+ Su) and (Za+2u), and arranges
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the result in this manper:
2 3 3
gaa+ sgae+ 5o QU
+ fsau
+ %eu

2
+ Ao uY

2 3 32
¢ +g5e + TR

We compare Lambert’s conclusion in (10) with what we can obtain from
our reformulated version. From (11) and (12) we have, for arbitrary C,

-P(CeA)sP(CeBACeA)
"P(CEA)SP(C¢BACEA)

Loy LT X

so that, by use of (13), we obtain

P(CeBAC € A)

f<
£ <PC¢BACE A, (14)

and 35

whereas Lambert’s conclusion would, in our interpretation, be

2<P(CeB)
and 2 < P(C ¢ B). (15)

Since (14) implies (15), we see that Lambert’s conclusion, though correct,
is weaker than ours. On the other hand might not Lambert’s (15), or its
equivalent

2<P(CeB) <K,

be the strongest conclusion about P(C € B) which the premises warrant?
Clearly Lambert hasn’t addressed himself to this type of question. We
shall in our chapter 5; in particular, the result of Theorem 5.48 provides
the strongest conclusion one can draw about P(Ay) if given only that

n < P(A1|A2) <py and 71 < P(Az) < go.

In our preceding section we have mentioned Lambert’s objection to

Bernoulli’s result on combining pure and mixed arguments. Here is a fur-
ther comment.

Lambert says, first of all, that all of Bernoulli’s types of arguments can
be encompassed in the one form

All A(Ma+ Nu + Pe) are B
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(e = affirming, u = indefinite, e = denying). For example, if P = 0 then we
have the pure type and if N = 0 then the mixed type. Combining a pure
and a mixed argument by Lambert’s scheme requires forming the product

(Ma+ Nu)(ma + pe)
= (Mm)aa + (Nm)au + (Npjue + (Mp)ae,

concerning which Lambert says “We have, however (§237), entirely omi?;ted
the ae cases, as they are impossible, and this makes the product here given
different from that of Bernoulli.” .

In concluding this section we mention that there is a discussion, from
the viewpoint of inductive logic, of this Bernoulli—La.mberlt disa,g.reement in
Hacking 1974 but with the epistemological notion of evidence in place of

argument(-premise).

§1.6. Thomas Bayes—and a problem
%.., no less important than curious”

The phrase quoted in our title comes from a letter of Richard Price to the
Secretary of the Royal Society in which he transmits an essay “found among
the papers of our deceased friend Mr. Bayes”. The letter and essay wer’e
read to the Society December 23, 1763. Some eleven years later Laplace’s
memoir of 1774 treated essentially the same problem. It is believed that
Laplace was unaware of Bayes’ essay (Stigler 1978). Over the .pa,st two
centuries a vast literature has been generated by the novel idea in Bayes’
essay and Laplace’s memaoir. We shall restrict our attention to a small
aspect of it relevant to our subject. ‘

The problem in Bayes’ essay which excited Price is the following (Bayes

1763, 376):

PROBLEM
Given the number of times in which an unknown event has hap-
pened and failed: Required the chance that the probability of its hap-
pening in a single trial lies somewhere between any two degrees of

probability that can be named.

There are two striking features about this problem aside from its evident
relevance to statistical inference:
(i) it is concerned with the chance (= probability) of a probability lying
_ between two given values, and
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{ii} this chance to be determined supposing that the probability is that
of an event of which ¢ is only known that in p+ ¢ trials it happened
p times and failed ¢ times.

Feature (i} involves the notion of a probability distribution of a proba-
bility value, a notion not within the scope of this monograph. The second
feature concerns the probability of an event on given information, i.e., a
conditional probability. Nothing is said about a (prior) probability distri-
bution though, in effect, in the course of his solution Bayes attributes one to
the ;_;_Lq values, namely that they are uniformly distributed over [0,1) (see
Stigler 198656, 128). Before undertaking the solution of his PROBLEM Bayes
develops from basic principles some results on conditional probability. One
of these is an item for our historical account of probability logic.

Bayes seems to have been the first to make significant use of the multi-
plication rule (for the probability of the conjunction of two events) to gain
information about the probability of one of the two happening when it is
known that the other has happened, provided one also knows the proba-
bility of their conjunction. Here is his statement of the rule (1763, 378):

PROP. 3
The probability that two subsequent events will both happen is a
ratio compounded of the probability of the 1st, and the probability
of the 2d on supposition that the first happens.

Bayes doesn’t say what he means by a ‘subsequent’ event. However at
the beginning of the essay he explains “An event is said to be determined
when it has either happened or failed.” We surmise that Bayes is using
‘subsequent’ to imply that the event is not yet determined, i.e., that it is a
contingent or chance event.’

Solving in his PROP. 3 for the quantity of interest, i.e., the conditional
probability, Bayes then has the corollary

Hence if of two subsequent events the probability of the st be F7,
and the probability of both together £, then the probability the 2nd
on supposition of the first happens is %.

We contrast this corollary with his

5. Shafer 1982 has a different view of what Bayes means here by ‘subsequent’. On the
basis of this view he constructs a mathematical framework for probability which takes
the timing of events into account. Such a framework, he believes, helps to explain Bayes’
ideas. Shafer’s paper includes a useful Appendix on the history of conditional probability
(though it omits mention of C. S, Peirce's contribution. See our 1988, 184-85).
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PROPF. 5
If there be two subsequent events, the probability of the 2nd being
£ and the probability of both together £, and it being discovered
that the second has happened, from hence I guess that the first has
also happened, the probability that I am right is %_.

This PROP. 5 appears to be a restatement of his corollary to PROP.
3, with the roles of Ist and 2nd interchanged and, as such, has puzzled
some readers. (See Dale 1991, 33, for an account). What exactly Bayes
has in mind isn’t clear; but his restatement (if that is what it is) involves
an epistemological element (“...it being discovered that...”} which is absent
from the corollary to PROP. 3. On the basis of this PROP. one is obtain-
ing new (probability) knowledge about the happening of an event. In an
explanatory footnote Price, a minute reader of the essay, remarks: “what
is proved by Mr. Bayes in this and the preceding proposition [PROP. 4]
is the same with the answer to the following question. What is the ptob-
ability that a certain event, when it happens, will be accompanied with
another to be determined at the same time?” In other words, in terms of
the notion of conditional probability, not then yet codified, the question
is What is P(E, E3| E2)? When Bayes’ proposition gives as the answer
P(E, Ey)/P(Es) it implies that

Historically, (1) is the earliest result in probability logic involving condi-
tional probability. (See Theorem 5.30(e} below.)

The solution of Bayes’ PROBLEM—which we shall not go into—consists
in finding P(A|B) where B is ‘an event F has, in p + ¢ independent trials,
happened p times and failed g times’ and A is ‘a < P(E) < b’ for some
[a,b] in [0,1}. In his demonstration Bayes assumes that, to put it in modern
language, the probability distribution of P(F) is a uniform one. For a
detailed discussion see Dale 1991, chapter 2.

The first problem. considered in Laplace’s memoir 1774 is equivalent to
Bayes’ PROBLEM. Here is how Laplace puts it:®

If an urn contains an infinity of white and black tickets in an un-
known ratio, and we draw p + ¢ tickets from it, of which p are white
and g are black, then we require the probability that when we draw
a new ticket from the urn, it will be white.

{Having an “infinity” of tickets serves to insure that the ratio of white
to black is unchanged as the tickets are drawn.)

6. Qur English translation comes from Stigler 1986.
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Whereas Bayes uses (in effect)

P(AB)

HME:P@)

in his demonstration and in the course of it elaborates the right-hand side,
Laplace does the elaboration initially, formulating it as a general principle:

If an event can be produced by a number n of different causes, the
probabilities of these causes given the event are to each other as the
probabilities of the event given the causes, and the probabiiity of the
existence of each of these is equal to the probability of the event given

that cause, divided by the sum of all the probabilities of the event
given each of these causes.

(Laplace’s use of the term ‘cause’ is no longer current.} In modern
notation the principle is:

If ESCGVGV-.-v(Q,
then [if the P(C;) are all equal,] for i, j = 1,...,n,

P(Ci|E) _ P(E|C;)
P(C;|E) ~ P(E|C;)’

and [if the C; are mutually exclusive] then for i=1,...,n,
P(E) iz P(E|C)

a,ls.pecial case of the Bayes’ Rule found in just about every text on proba-
bility or statistics. Its derivation from basic probability principles requires
only very simple logical properties, e.g.,

E—ECiV---VEC, if E=Cv---vC,.

Conditional probabilities will be the focus of our attention in chapter 5.
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§1.7. John Michell on the distribution of the fixed stars

Our topic for this section is a probabilistic inference inconspicuously
buried in an astronomical paper, An Ingquiry into the Probable Parallox and
Muagnitude of the Fized Stars, from the Quantity of Light which they of-
ford us, and the Particular Circumstance of their Situation (Michell 1767).
This paper, appearing in the Transactions of the Royal Society three years
after Bayes’ essay, is celebrated in the history of astronomy as having pro-
vided the first realistic estimate of the distance of the fixed stars, and for
establishing the existence of physical (as opposed to optical) double stars by
means of a theoretical argument involving probability. The latter argument
(not its conclusion) was criticized at great length in Forbes 1850. Forbes’
paper, though prominently appearing in the Philosophicel Magazine and
occasioning considerable discussion, was apparently unknown to the author
of the biography of Michell in the Dictionary of Scientific Biography, who

writes:

... The directness of Michell’s language [describing his results]
leaves something to be desired; but the unimpeachable logic of his ar-
guments gave a convincing theoretical proof of the existence of phys-
ical binary stars in the sky long before Herschel (1803) provided a

compelling observational proof.

Since Michell’s conclusion about binary stars turned out to be frue,
it could be that the author of this biography was lulled into unecritical
acceptance of the argument, for Forbes’ criticisms are quite telling. To
examine this argument we open with a quote from Michell (1767, 428):

Tt has always been usual with astronomers to dispose the fixed stars
into constellations: this has been done for the sake of remembering
and distinguishing them, and therefore it has in general been done
merely arbitrarily, and with this view only; nature herself however
seems to have distinguished them into groups. What he [Michell]
means is, that from the apparent situation, of the stars in the heavens,
there is the highest probability, that either by the original act of
the Creator, or in consequence of some general law, such perhaps as
gravity, they are collected together in great numbers in some parts
of space, while in others there are either few or none. The argument
he [Michell] intends to make use of, in order to prove this, is of the
kind which infers either design, or some general law, from a general
analogy, and the greatness of the odds against things having been in
the present situation, if it was not owing to some such cause.

On the assumption of a random [actually, uniform] distribution of the
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sta.r.:s over tile f:elestial sphere, each star being in any of the 13.131 sub-
:;glons of 2° diameter with equal probability, Michell computes ’the odds

za,t3 of the 230 stars comparable in brightness to the double star B Capri
cornt, no two should fall within that angular distance. He finds the odc? PI‘;I-
be 80 to 1. When more stars are taken into account e.g., the six bri h: .
stars of the Pleiades, the odds against such a clos;: gro’uping amolfnte: t
SO0,00Q to .1. Since there are a large number of such groupings Mich 11’O
conclgsmn is that it is “next to certainty” that there is a cause fo tl‘f .
groupings anq that it is not a matter of chance. To outline the proba,l‘;ﬁlis(?csie
:ilslil;i?;noi t}‘«tiil(;hetfill’sdartgumezt in contemporary language, let § = presenz

xed stars, I = exj igi

act of the Creator. Then si’nce PF;TE%)“:){ -S-Oﬁfﬁ%e?li?; v or original

P(SI-L) = 0— P(=§|-L)~ 1
— P(L]S) = 1,

and since P(S|=L) =~ 0 (8 Capricorni i
' Y pricorni, the Pleiades, etc.), one has th
the conclusion P(L [ §) = 1. Note, in particular, the inferer)l’ce e

P(—:S ' —:L) 2]
therefore P(L|8) = 1. : (1)

We shall only state Forbes® two principal objections:

' (i) Michell takes the high improbability of an event’s happening, when it
Is one of a great many possibilities, as that of the event when it ‘;;s’ al 11d1
t1_1e case. (“The improbability, for instance, of a given deal producliza !
given hand at whist is so immense, that were we to assume Mitchell’s [g ]
prmmple., we would be compelled to assign to it as the result of an ts'm]
Cause with far more probability then even found by him for the hac‘we
congectiqn of the six stars of the Pleiades.”) phsical
t (u)fMlc'hell’s assu‘mption of a uniform probability distribution for any
: ar o ?.g}ven magmtude and any subregion of the celestial sphere “leads
0 cc?nc gsmns obviously at variance with the idea of random or lawl
c%mtnb‘utlon, and is therefore not the expression of that Idea.” F&WISSS
likens it to assuming that any face of a die has an equal chance‘of ing
up before one knows whether the die js loaded or not. comine

X ]t31<1)ole’s 1851a, his first published paper on probability, was occasioned
f:y i e al?pea.rance of Forbes’ paper. It bresents a quite different objection
0 the Michell argument (Boole 18514 — 1952, 249-50):

. Tl}e proper statement of Mr. Mitchell’s problem, as relates to 3
apricorni, w0u1fi therefore, be the following:  (1.) Upon the hy-
pothesis that a given number of stars have been distributed over the
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heavens according to a law or manner whose consequences we should
be altogether unable to foretell, what is the probability that such a
star as @ Capricorni would nowhere be found? (2.) Such a star as
8 Capricorni having been found, what is the probability that the law
or manner of distribution was not one whose consequences we should
be altogether unable to foretell? The first of the above questions
certainly admits of a perfectly definite numerical answer. [Forbes
denied that this was possible unless one had a specific probability
distribution. Michell, in effect, does assume one.] Let the value of
the probability in question be p. It has then generally been main-
tained that the answer to the second question is also p, and against
this view Prof. Forbes justly contends. {Forbes, who is not explicit
on this point, is being given more credit than is warranted.]

Boole then goes over to an abstract formulation:

Let us state Mr. Mitchell’s problem, as we may now do, in the
following manner: There is a calculated probability p in favour of the
truth in a particular instance of the proposition. If a condition A has
prevailed, a conseguence B has not occurred. Required the similar
probability for the proposition, if a consequence B has occurred, the
condition A has not prevailed. = Now, the two propositions are log-
ically connected. The one is the “negative conversion” of the other;
and hence, it either is ¢rue universally, the other is 0. It seems hence
to have been inferred, that if there is a probability p in a special in-
stance in favour of the former, there is the same probability p in a
special instance in favour of the latter. But this inference would be
quite erroneous. It would be an error of the same kind as to assert
that whatever probability there is that a stone arbitrarily selected is
a mineral, there is the same probability that a non-mineral arbitrarily
selected is a non-stone., But that these probabilities are different will
be evident from their fractional expressions, which are—

Number of stones which are minerals
Number of stones
Number of non-minerals which are not stones
Number of non-minerals

2.

It is true that if either of these fractions rises to 1, the other does
also; but otherwise, they will, in general, differ in value.

Note that Boole seems to think that conditional probabilities involve
conditional (i.e., if—, then—) sentences since he says “the two propositions
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are logically connected”, one being the “negative conversion” of the other.
Nevertheless, as his example shows, he does render the probabilities as
cpnditiona.l probabilities, not as probabilities of conditional sentences. Of
special interest is his pointing out that the inference

P(-B|A)=p
therefore P(-A|B) = p, (2)

is not wvalid, ext':e[‘Jt when p = 1. Boole either didn’t realize, or didn’t
make i:flear that it is only this special (valid) case which Michell’s argument
needs.” To see this note that Michell claimms, in effect, that for a large
number of 5;, '

P(S:|-L) = p,,

but doésp’t use ‘negative conversion’ on these separately but first obtains
for a f:c_)njunct1on § = 518z... of many of the S; that, independence of the
S; being (tacitly) assumed,

P(S|-L)=pips..., {3)
Since pyps - = 0, .
P(_'S | _’L) = 1,
and now, since p ~ 1, ‘negative conversion’ (i.e., (2)) can be used to obtain

P(L|S) 1.

Clearly it would be worthwhile having a general method such than one
could obtain relationships between probabilities such as P(—:B}A) and
P{-~A|B); ie., between probabilities whose arguments are logically re-
lated. Boole asserts (in 1851a) that he has had such a method “for a
considerable time.” We shall be discussing this method in ‘§§2.4, 2.5 below.

7. We had not appreciated this fact when vjrriting §6.1 of our 1986. Michell’s argument
lacks cogency on other grounds. See Dale 1991, §4.3.



