

























































































262 LLOGICAL PROBLEM OF INDUCTION

what one would perceive as a consequence of some experi-
mental test, and we cannot miake all the possibly relevail
experiments in any one case, or rather we cannot be sure thal

we have made them. In the situation of primary induction,

where we must give up expecting any assistance from em
pirical knowledge so long as we are aiming at universal con-
nections, induction by elimination can obtain nothing sufficient
from phenomena known incompletely to a degree also unknown.

It seems then that the doctrine which seeks in the infirma-
tive rejection of laws by contrary instances the only source of
induction should at this point be abandoned. The probability
that approximates certainty, and which appears accessible to
the natural sciences, must then be demanded principally from

the confirmative action of favourable instances, that is to say, |

from induction by the multiplication of instances.

But in confirmative induction, itself, the doctrine we are
studying is met again. That is, here again everything reduces
to elimination ; but it is an elimination which is only probable,

and which would operate in a manner unknown to us on the’

unknown portion of the instances. It isonly the probability of
this hidden elimination which would produce the apparently
direct confirmative torce of collections of favourable instances.
It is only by knowlédge of the probability of their diversity that
two cases indiscernible to us would count as more than one.
Reason favours this theory which Mr. Keynes has so well
expressed. -

First of all, we have shown that it requires the aid of some
principle diréctéd against the plurality of causes. We have
postulated that any character admits a unique cause, in order

to remove this preliminary difficulty and examine in its very |

principlé the theory of the probability of elimination.
Following this theory, all induction by repetition admits as

its ideal and limit a certain induction by elimination, below

which it always remains. _Cohsequently, wherever the deter-
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‘mination of a character by some other is @ priori probable

only to the degree p, the accumulation of instances cannot give
to the connection of two characters anything but a probability
lower than p; for this value is the maximum result that -
elimination itself can give. This we thought to be the case
in the domain of numbers. On the other hand, wherever
determinism distinguishes several partial classes in the heart
of the total class of the characters of an instance, by serially
ordering the circumstances of any instance into several sections
@y, @y, &, . . . and postulating as cerfain that every character
of one of these sections is entailed by some character of each
preceding section; and also by assuming that it is probadle only
to @ finite degree that it is entailed by some other character
of its own section (and consequently that it entails some other
character of its own section)—this is what Lachelier’s second

. principle amounts to—we have tried to prove that the accumu-

lation of instances, as far as they are pushed, cannot give to
the proposition that one character entails another any but a
finite probability. Now, such is the case with the phenomena
of nature. C
The conclusion we are led to is that neither in the domain of
numbers, nor in the realm of nature, does the probability of -
elimination, postulated as the only source of induction by the
repetition of instances, confer on this induction a force suffi-
cient to approximate certainty. But the repetition of instances
contained the only hope that remained to raise to pi'actiqal '
certainty the mediocre probability furnished by deliberate
elimination, employed on natural phenomena without any
acquired knowledge to direct or certify its operation. Thus

the theory which sees in invalidation either the overt or hidden

principle of all induction found itself incapable of conferring

‘on any law of nature an infinite probability. It does not allow

physics to exceed, no matter how carefully and perseveringly
it operates, a mediocre probability which is determined & priori.
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We cannot absolutely reject this result, in our present great
ignorance of the nature of induction, and consequently of its
power and limits. On the other hand, we can only admit it

+ if there exists no plausible theory allowing us to avoid it.

Now, we have examined no more than one theory, which

despite its advantages did not show itself reliable. Of the two

elementary operations that the mind thinks it discerns in the
relationship of facts to laws (izivalida.tion and confirmation)
only one of the two is admissible. For the mind tries to
reduce the confirmation of a law by the proper instances to

the invalidation of other concurrent laws. This doctrine,

embraced by reason at first, willy-nilly, leads to nothing but
a mediocre result, unfavourable to the natural sciences.

It is time to free ourselves from its prestige by observing
that if we had examined it before following it, we Wwould have
recognized it as an extreme, and nearly a gamble.

' There is then leit the other road to be tried. It'is possible

and natural to conjecture that the corroboration of a law by

its instances, viz. induction. by repetition, possesses a force
which comes elsewhere than from the probability of elimina-
- tion. This is what we must do if we wish, to speak with Plato,
-to try to “ save (Timeus) our knowledge of nature and to

" open to. it the approach at least, to certainty.
But this idea- bnngs us to a road where everythmg is still
unknown. It means, in fact, to give up the doctrine which
more or less distinctly, has dominated the thought of logicians,
It means that we must turn away altogether from the direction
‘in which the mind pursues first the explanation. of the con-
firmative force of instances, and ends finally in the analysis
of Mr, Keynés. We must seek elsewhere for an explanation
and an analysis; for we cannot claim that this force is explained
all alone. We remarked in the beginning: the invalidation of
a law by.a contrary instance is intelligible by itself, The mind
does not ask any question about its foundation or measure.

T
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It sees in invalidation a simple and decisive operation. On
the other side, the corroboration of a law by a favourable in-
stance does not have this clarity. Its value remains obscure.
The principle according to which the probability produced by,
a number of instances increasing to infinity would indefinitely
approximate certainty lacks evidence. It would require some
proof. Now, it does not seem that we can obtain from classic

- works the slightest aid in the discovery of such a proof. For

they all end with the theory of the probability of elimination;
and we have seen that this condemns the p0551b1hty of
certainty.

But a recent work offers us exactly what we are seeking: a
justification of induction by repetition and a proof that it
tends towards certainty when the number of instances in-
creases to infinity. This work is already known: it is this
same Treatise on Probability of Mr. Keynes, in which he sup-
ports the theory which we have presented and shown to be
fatal to this very principle, ‘

- We shall present the elegant theorems of Mr. Keynes, detach
them from a traditional philosophy definitely refuted by them,
and finally examine the proofs given by their author. We
shall see why one of them appears to us to be incorrect,
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MR. KeyNES’ theory rests on the fundamental axiom con-
cerning the probability of the conjunction of two propositions.
The simplicity of this foundation is remarkable.

Probability of the eonjunction of two propositions.—What is
the probability that two propositions p and g are both true ?
The answer often given is that it is the product of their two
probabilities. Now, it is not so in general, but only in the
particular case where these two probabilities are independent
of each other, that is to say, where the information that one
of the propositions is true would not increase or diminish the
probability of the other. On any other hypothesis it is clear
that the probability of p and ¢ together is no longer equal to
the product of their separate probabilities. In fact, if p
has g for its certain consequence, the probability of 4g is that
of p alone, And if $ has g for its probable consequence, the
joint probability of pg is even greater than the product. In-
versely, if p has non-¢ for a certain consequence, the probability
of p¢ is null; and if $ has non-g for a probable conséquence. the
probability of pg is still less than the product.

The probability of pg is therefore not a function of the initial
probabilities of $ and of ¢, but a fanction of the initial prob-
ability of p and of the probability of ¢ if . Or else, for
reasons of symmetry—{for even if $ and ¢ refer to events, g may
be known if we are given p-—it is a function of the’initial
probability of ¢ and of the probability of $, given g. Again
by symmetry this is the same function. This function is, as
before, the product of these two probabilities.

Designate by #/y the probability of » being concluded from
266
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v. Let & be the initially given premises or information known.
We'shali then postulate

Pa/h=p/h x qfhp=q/k X p/hq.
Such is the principle , it is at least infinitely plausible. We
shall notice that it is universaland independent of any a_,ssump-
tion or hypothesis whatsoever, '

Justification of induction by repetition.—Let $ be a general
proposition or law, % the initial probability at the moment
when it is considered to be indifferent whether no instance or
on the contrary any number of instances of the law is known.
Let ¢ be the proposition that the law is going to be verified in
the new instance E.

If the law p is true, g is certainly true also. We then have

g/hp=1.

_ Bk x g/hp=q/h % p/hq
then yields the equation

The principle

That is to say, the probability of the law before a verf,jicatim is
to the probability of the law after @ verification p/h: p/hg as the
probability of this verification itself g/h is fo certainty.

In order for the verification ¢ to render the law more prob-
able, we see then that it is'necessary and sufficient

() that p/h is not null, that is to say, that the law possesses
independently of this verification some probability, no matter how
weak 1t 1s ; ' )

(b) that q/h is less than unity, that is to say, that the verifica-

tion q does not follow with certainty from what is already known.

This theorem justifies induction by repetition.* It estab-

* Again we must not exaggerate the impoert of this purely theoretical
proposition. For it says that the accumnulation of the cases verifying
the law renders more probable its verification in all cases (and conse-
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lishes, besides, the dispensability of determinism as a premise.
Its strength does not come from a probability of elimination,
and even the probable variety of instances is not necessary.
- The result then is to overthrow the philosophy. which we
criticized before, and to which Mr. Keynes himself still remains
attached. Let us stop a ihoment to study thiese important
fONSequences..

- Induction by repetition does not have determinism for a
premise,—We haire, in fact, just proved that any verification
which was not certain in advance renders the law more prob-
able only on the condition that the law already possesses some
chance, however slight, of 'béing true. Let X and A be the
characters joined by the law. For the discovery of Ainagiven
case of X, where its presence could not have been predicted
with certainty from what was already known, i.e. to render

" X entails A more probable, _the' only assumption that ‘must
be made is, then, that X enfails A has already some probability -

p which is not null but as small as one wishes. This assump-
tion implies undoubtedly that the presence in any case of XA

--of some character entailing A has a probability of at least p.
For it is probable to this degree that X itself is such a char-
acter. But that is all that it implies. It does not imply that
the presence of such a character is cerfain.

Such induction by repetition requires only, in order to
increase the probability of the law X entails A, that X
should be detérmined with some degree of probability. | '

But in order to show that this kind of induction does not
have determinism as a premise, we must show again that the
law X entails A may attain by repetition a probé.bi]ity
higher than the initial probability of the determinism of A. -

quently, in any case); but not yet in all the cases STILL UNKNOWN, oI in
any-one of these cases, a point which is necessary to justify realinductions.
In'fact, the proof given supposes that the cases recognized as favonrable

. Temain part of the sum of the cases. It is no longer valid if we consider
only the sum of the cases still unknown.
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Thatiseasy.. In fact, the injtial probability d of the presence
m any case of XA of some character entailing A should be
equal to or higher than the initial probability p/A of the law

' X entails A. 'We have the right to postulate it as simply equal.

It is sufficient to place one’s self in the hypothesis where we
would be sure that X alone can entail A. This particular
hypothesis does not prevent the application uf the. theorem:

the probability p/hg of the law X entails A after the new
verification g is therefore higher than its probability $/k before

this verification; and higher in respect of certainty than the

probability g/A of the verification g in the prior state of in-

formation k. But it is certain - that X alone can entail A: the

initial prdbability @ of the determinism of A is then precisely

equal to the initial probability p/k of the law X entails A.

The verification ¢ then confers on this law a prebability higher

than the initial probability of the deterniinism of A. That

proves, as we had proposed to show, that déterminism is not a

premise of induction by repetition.

- The foree of induction by repetition does not arise from a

. probability of elimination.—This results immediately from the
~ preceding proposition. For all that perfect elimination can
- establish is that X alone muy entail A. The law X entails A

would then be found to be heir to all of the initial probability of
A’s determinism, but.only of this probability, that being the

.maximum result attainable by elimination. Now we have

supposed it attained; and we have shown that the first new
piece of information enabled the probability to increase,
That can no longér arise because the new instance has a chance
to eliminate some concurrent character of X op the ground of

“its being a sufficient condition of A, since this elimination has

already. been completed. The logical mechanism of con-
firmation by instances does not therefore reduce itself to a
probability of elimination. ' '
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. Let us take, in pa.l,"ticular, the case where the existence of
some other character inseparably joined to A would be probable
to the degree p, and where we would have two instances of
XA not having any other character in common. These two
instances would embody what Mr. Keynes calls a perfect
analogy. Letting himself be guided by the doctrine of
elimination, he adds that no new instance could any longer
add anything to the probability of the connection of X and A *
But his own theorem demonstrates just the contrary; for it
shows that the verification of this connection in a third
instance, provided only that we could not have predicted it
with certainty, would make the law more probable than it was.
We can- never be sure, it is true, that two instances of XA

differ in all other respects, and we are surely inclined to think ‘

that if we looked carefully, we should find other similarities
in them. But the fact remains that the probable elimination
of these resemblances is not the sole origin of the favourable
operation of additional instances, since, even if we suppose
this elimination completed, new instances may yet continue
to fortify the law.

A new instance identieal with an aoquired or known instance
may render the Jaw more probable.—Let us conceive a universe

where two instances might be numerically two without

differing in any of their characters. This supposition isunreal,
and even absurd. However, it may serve to illustrate a thesis.
Mr. Kéynes_ himself employs it to this end when he asserts:
‘ If the new instances were identical with one of the former
instances, a knowledge of the latter would enable us to predict
it.” (Ibid., p. 236.) Consequently, the second would tell us
nothing, and hence, as a result of the theorem, would not
increagse the probability of the law. = It will then be permissible
for us also to have recourse tg the fiction of two identical

* A4 Treatise on Pyobability, p. 226.
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instances although we do it in order to deny precisely what
Mr. Keynes affirms from these examples.
‘Let us, first of all, determine exactly what makes two

.~ identical instances mutually inferrible. Given that the second

instance reproduces, with X, all the characters of the first
instance other than A, we should be certain that it also repro-
duces A, even before we have ascertained it. '
But it is evident that this certainty is nothing but #he very
certainty itself of the determinism of A. For what we should be
certain of; is that the total character, formed by the union of
all the characters which accompany A in one of ity instances,
entails A and cannot be reproduced without A.
Undoubtedly, such is the case in our universe and it is not
merely an assumption, simply and mainly because this total
character cannot in fact be reproduced. On the other hand,
in the fictive universe in which both Mr. Keynes and I dis-
course, he to assert that two identical instances would be

. inferable one from the other, and I to doubt the assertion, the

objection that might be raised about the identity of indis-
cernibles no longer.is relevant, and our aésumption_ becomes
quite real. _

Now, this assumption does not operate effectively on the
hypothesis of the theorem concerning us at present. This
hypothesis, it will be remembered, is only that X enfails A
must possess some initial probability, however slight it may
be. We then remain free to suppose the case where the
determinism of the character A would not be certain. It
would then not be certain that an instance of X presenting
all the charactess other than the A of an instance of XA
already known, must also present A. By virtue. of this
theorem, the establishment of the presence of A in this sécond
instance would then increase the probability of X enfails 4,
since this would be a new verification which could not have
been predicted with certainty.
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That is not all, - Let us even postulate as certain that A
is strictly determined. The discovery of an instance of XA
identical with an instance already acquired might agam
increase the probability of X entails 4, and that by virtue of

" Mr. Kéynes’ same theorem which at first seems to imply the
contrary,

Symbolize by L, M, N . . . the characters other than Xand A
of these two instances. The first instance being known, it is
certain that XLMN . .. entails A; the establishment of
A with XLMN . . . in the second instance does not add any-
thing to our knowledge. But the establishment of LMN with
X in this same case does teach us something; namely, it makes
the law X enfails LMN . . . more probable by being an
instance of it; - In fact the verification of this law in the
second instance does not depend with certainty on its verifica-
tion in the first. Otherwise it would be certain that al/ the
instances of XA were identical, and only one of these instances
would be sufficient to render X entails A certain, a hypothesis
which would make it futile to ever investigate any new
instances. :

QOutside of this hypothesis, too unnatural surely for any one

t¢ be long detained by it, an instance of AXLMN .
identical with a preceding case increases then the probability
of the law X entails LMN . . . when the law is recognized
as possible. Now, we'have postulated as certain that any X,
ifitis LMN .. ., entails A. The second instance of AXLMN
. . . makes it more probable that any X is LMN . . . so long
as the contrary is not rendered certain by the discovery of an
X which isnot LMN. . . . A second instance of AX identical
with the first, would therefore make the law X enfails A
mote . probable even if the determinism of A were stricily
certain. _

Mr. Keynes’ theorem has, therefore, a consequence precisely
opposite to what he himself thinks he draws, deceived by the
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traditional conception of the mechanism of induction. Far
from implying that two instances known to be identical can
count for no more than a single one, his theorem lmphes just
the contrary.

Most certainly, there are no identical cases and perhaps
there cannot be any. Mr. Keynes’ assertion was made only
to illustrate the doctrine that in a number of cases, it is only -~
their variety, certain or probable, which operates. Likewise,
we have just illustrated by means of the same fiction the con-
trary : thesis that 1n a number of instances, it is nof only their
vanety, certain or probable, which operates. And we have
shown this to be a direct consequence of Mr. Keynes’ own '
theorem,

Stats of the question.—In the first part of this chapter, we
cohvinced ourselves that the corroborative influence of col-
lections of instances of a law did not have to draw all its force
from a probability of elimination in order to approach certainty.
with regard to our inductive knowledge of the laws of nature,
including as a subsidiary the laws of number. The preceding
theorem establishes the fact that this cond1t10n of being
mdependent of elimination is actually satisfied. It makes
certain that induction by simple enumeration is not subjected
to the conditions of induction by elimination, and that it is
capable in principle of elevating the maximum result of the
latter. The question of approaching certainty through the
accumulation of instances is now reopened, under the very
conditions in which the doctrine of possibility of elimination

‘made this approach impossible. But it is hardly solved satis-

factorily. It is not yet proved that the multiplication of the
instances of a law confers a probability susceptible of attaining
and exceeding any fixed value,

Mr. Keynes thinks he has also proved this, but he does it

with the aid of a special postulate.
! - 18
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Two necessary and sufficient conditions for the probability
of a law to approach certainty by the multiplication of its

instances to infinity.—1I¢ is af first necessary that the law possess,

from the very start, a probability that is not null no matler how
small it may be. This condition is recognized as the one we
already know necessary for any increase in probability through
" instances. But in order for this probability to be carried
beyond any limit by an infinite number of instances, ¢ 43
necessary, bestdes, that on the hypothesis that the law s false, ifs
successive verification in an infinste number of cases s in-
findtely improbable ;! or in move precise terms, that its improba-
bility exceeds any Umit for a sufficiently large number of cases.

In fact, suppose that the law is verified in all the instances
known and that these instances are infinite in number. Either
the law is true or it is really false. Its truth would render
certain the fact of its verification in all these instances. If we
‘admit, in conformity with the above conditions, that the falsity
of the law rendered this same fact infinitely improbable and
that, besides, this falsity is not infinitely improbable by itself,
it follows that this fact, once established, renders the initial
law infinitely improbable. And this condition which is
sufficient is also necessary. ‘

All that results results directly from the axioms of prob-

ability. Let% ‘and% be the respective probabilities of the truth

- andof the falsity of the law $ in the state % of knowledge from
* which we start. Let V be the fact that the law is found to be
verified in an infinite number of cases not included in the
given information 4. Then V/kp and V/ip are the respective
probabilities that the law will be certainly verified an infinite
number of times relative to our present knowledge (%}, on
the two hypotheses respectively of the truth and falsity of
the law $. But V/ip is given as certain, and is hence equal
to unity. We are frying to find the probability $/4V or the
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degree of probability conferred on the law $ relative to our
knowledge % and the establishment of the fact V.
We have ' -
(z) V/h=p/h xV/hp +/h xV/hp

In fact, this means that the probability of V in our present
state of knowledge k is divided into the respective probabilities
of V on the two mutually exclusive and exhaustive alternatives
# and $, multiplied by the probabilities of these alternatives
themselves. This is a fundamental proposition of the logic of

" probabilities,

Now, the principle postulated at the beginning of this whole
developmen_t yields
DIk XV hp=pV =V /b x p/hV
By substitution (1) becomes
V/h=V/h xp/bV +p/h xV/hp
And by transposition, this becomes

- p/h xV/hp
p/iv—1-2/ ”Tf/TAg
B/h xV/@
) RUETIORTD:
The upshot of thié is that for the probability of p/kV to
increase towards unity or certamty when the number of veri-
fications constituting V increases to mﬁmty, we see then that

it is necessary and sufficient that /4 is not null and that V/ip
tends to become mull.

or

Replaeing the second condition by a condition that is only
sufficient.—Mr. Keynes substitutes for the condition that the
probability of verifications, of the falsity of # in the above
dlscusswu is not null i.e. ‘

V/ip >0
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a iore onerous condition which implies it, but is not implied
by it, and which he thinks can be satisfied with cer’cé.inty. Let
us show wherein the substituted condition is onerous.

The rule of the composition of two probabilities, applied
repeatedly with more and more verifications, gives for the joint
probability V/Ap of n verifications %,, %y, %, .. &z, relative
to the state of knowledge % and to the hypothesis of the falsity
of the law $ the value -

V/hF=t,%, . . . xn/ WP =t/ RE XX /WP X | . . X

' LD 27 NN A
that is to say: the probability of » successive verifications is
equal to the product of their probabilities being given the
probabilities of the preceding verifications.

The factors of this product are all less than unity. For the
product to approach zero as their number increases, it suffices
evidently for the factors not to approach unity but to remain
less than a fraction f, itself less than unity. That is, that
there exists a finite quantity ¢ such that we have, no matter
what # is,

/PP X %y . . L Em < It

Such is the condition Mr. Keynes tries to satisfy.

Tt is to be noticed that this condition is sufficient but no
longer necessary. For a product of an increasing number of
fractions may tend towards zero, whereas its factors tend to-
wards unity; for instance the product '

3
4 m4T

F ]
[SVN N

: #n . ' x
whose last term raric tends towards I, and whose value P (by

cancellation) tends no less towards zero (as » approaches
inﬁnity). : .
" We can then establish the fact, not only that on the hypo-
thesis () of the falsity of the law, is its vt_eﬁﬁcation in an infinite
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number of cases infinitely improbable, but in addition, that
on this hypothesis (#) not even an infinite number of positive
verifications will make it infinitely probable that the next tnstance
will again verify the law P. '

We have just seen that the condition is no longer a necessary
one. From the very first, it is doubtful whether our universe
satisfies such a condition. It amounts to saying that if we
know that a rule admits some exception, the observation of as
many millions or billions of successive verifications as you
please cannot reduce the chance below a fixed limit that the
next instance has of just being an exception. It asserts that
if we had once seen a man ten feet tall, the observation of as.
large a number of men as you please less than ten feet in height
couid not. then render as probable as you please that men
more than ten feet tall are as rare as you please; or else again,
that if we had demonstrated that two properties of numbers
are not always found together, the observation of their being
in connection in as large as multitude of numbers as one wants
to try, could not then make if as probable as one wants that
they will be found together in the next number. that will be
tried. Such is the condition Mr. Keynes asks in order that
the accumulation of instances in the absence of exceptions or
contrary proof, may make it as probable as one wants that any
man is less than ten feet tall or that two arithmetic properties
are to be found together. We shall agree that it ought to be
quite difficult to‘satisfy such a condition, However, he thinks
he can fulfil the condition, as weil as the fundamental con-
dition of the existence of an initial probability that is not null
in favour of the law $, by the aid of a very plausible postulate
which he calls the postulate of the limitation of independent
variety..

The postulate of the limitation of independent variety.—This

- postulate consists in assuming that the characters of the
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universe selected for consideration arrange themselves in a
Jinite number of groups, a certdin member of which entails the

- others. Mr. Keynes’ work shows a very interesting develop-

" ment of the character and range of this postulate,

It satisfles the first condition.—The upshot of -this postulate
is that any character X taken at random possesses @ priori a
finite chance of entailing the character A, also taken at random.
In fact, the character A possesses a finite chance of being a part
of one or of ;several groups taken at random, since the number
of these groups is finite. Hence, it possesses a finite chance of
being a member of the group or groups of which X is a part,
that is to say, A has a finite chance (not nuﬂ) of being present
in all the casesof X. The first condition would then beactually
satisfied.* : o

_ But does it also satisify the sesond condition? Mr, Keynes’
reasoning.—It is the second condition which produces a diffi-
culty. Let us analyze Mr. Keynes’ reasoning since he exhibits
it in his Treatise in a more condensed form (p. 254}.

The number of the individuals or instances in the domain of
natural phenomena-or numbers imay be conceived as infinite—
and it even ought to be so—since we are considering what the
probability of a law becomes at the limit when the series of
its instances is indefinitely prolonged. The number of the
characters of these instances, and even of a.ﬁy one of them,
- may also be infinite. What is finite, however, is only the
.number of the groups of characters entailed by a certain member
of the group, or in other terms, the number of the characiers suffi-
ctent to determine all the others.

" Consequently, the number of non-identical or distinct cases

* To speak in all rigour, it wounld be necessary to assume ﬁot only
that the mumber of groups of conmected characters is some finite
number ¥, but also that there is a finite probability that » is less than

a given number—than a billion, for instance. For if all the finite,

numbers have the same chances of being #, it is infinitely more probable
that x is higher.or lower than any assighed number, and hence not finite.
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is finite. ‘For it is in fact limited by the number of the com-
binations of these determinant characters. .
" Tt is on this basis that Mr, Keynes works: _

If the law p is false, he says, it is false in at least one case.
But the number of distinct cases, say N, is finite. On the
other hand, it is natural to admit by virtue of the principle of .
indifference, that it is-not more probable at any moment
whatsoever for the néw instance which is going to appear to
be one rathér than another of the existing cases. Hence, the
casé or cases invalidating the law p have, no matter at what

s mome’ﬁt, a chance of appeaﬂng equal foe =§, gnd we have for _

all the values of », N
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This reasoning rests on an unacceptable hypothesis.—The
nerve of the'argument is evidently the finitude of the number
of cases. From this finitude should in fact follow the _e;tistenqé
of a finite lower limit of the probability that the next case,
supposing it to be taken at random, is one of the exceptions to

- the law. Now, what is given as finite, is not the number of _the
: iridim'dml’m'ses but only the nwmber of the non-identical or

distinct cases, which we may call the number of the species, in-

' cluding énfime species. Mr. Keynes’ reasoning then takes for
' .'gran'ted that the cases which are not distinct, no mdtter how
large their nurber is, constitute no more than a single instance.

Now, this is such a strange assumption that we should
hesitate to attribute it to him, if we could doubt that his
reasbning requires it.

In fact, it comes down to this; the proportion of the in-
dividuals encountered in différent species cannot give any
indication of the frequency or rarity of these species in the
group of the individuals of a genus. If we have met with
only a single exception among as large a number as we please
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‘of individuals of species belonging to a genus, we cannot say
‘@ priori that it was more or highly probable that these species
are frequent in this genus, nor that any new individual of this
genus, taken at random, will be found to belong to these species.
Experience should then not be able to modify our initial
- ignorance about the relative importance of the existiﬁg species,
about the chances that there are that an unknown sample of
a genus belongs to one rather than to the other of its species.

Observation should not be able to teach us anything de muléis

et paucis (about what is frequent and what is rare). Such an
assumption is in truth unacceptable: and yet it is indispensable
to Mr. Keynes' argument, ‘

In fact, if we do not make this assumption his reasoning falls

asunder. For we have assumed that thelaw p, ** X entails 4,

is false. That is because there is at least one combination of
characters, one species, where X is found without A: and the
number of species is finite. It is then quite true that the
probability, by drawing a species of the genus X under con-
ditions where all are equally probable, that we shall find a
species without A, is at any moment whatsoever higher than
a finite value ¢. But we do not by any manner or means actually
draw a species, but, always an individual. And for the reasoning
o remain applicable, it would be necessary that it should be
equally probable at any moment, #nof that any one of the in-
dividuals of the genus X should be drawn, but really an in-
dividual which is a member of any one whatsoever of the species
of the genus X. Now, it seems to make good sense to say, if we
have always encountered among the individuals of the genus X
members of species containing A, and if that has happened
during as long a series of events as one pleases, that it is thereby
very probable (if not as probable as one pleases), that in the
heart of the genus X, species lacking A are rarer than species
containing A (if not as rare as one pleases). Consequently,
the individual of the genus X which is to appear, will be also
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of a species containing A, just because our ignorance allows all
individuals still unknown and belonging to the genus A the
same chances of appearing. '

The demonstration which Mr. Keynes based on the postu-
lated finitude of the number of species rests then on the as-
sumption, evidently contrary to the facts, that experience
changes nothing of the initial ignorance which makes us regard
an unknown individual of a genus as not having more chances
of belonging to certain species of this genus than to others.
That Mr. Keynes has let himself be misled by so ill grounded
a construction, seems to follow from the effect of his general
doctrine -about the necessary diversity of fruitful cases.
Although his assumption, while false in general, does apply to
the prdba.bi]ity of laws concerning the existence or non-
existence of certain species, it is fully absurd to apply it to the
frequéncy or rarity of existing species. We saw, when we
studied his first theorem, that Mr. Keynes remained attached
to a philosophy of induction incompatible with his positive
theory. But with the second theorem, this philosophy has
unfortunately introduced itself into his very argument and

vitiated it.

Present state of the problem.—It seems to us that we have .
shown that if elimination is the only source of inductien, as
logicians and good sense itself incline to believe, no induction
in favour of a law can exceed a mediocre probability. We also
think we have shown that elimination is not the sole source of
such inductions, and that the instances of a law have a corro-
borative force which is independent of elimination and of
determinism. Finally, we have tried to show that nobody
has been able to prove that these instances, by being multiplied
to infinity, can raise the probability of the law above any limit.
Such appears to us to be the present state of the logical problem

of induction.



