Pr SAT:. Some Examples

First, load the Pr SAT package:

<< Pr SAT

m Example#l: X, Y, Z pairwise independent, but not independent

MODEL1 =
Pr SAT [
{
Pr [ XAY] =Pr [X] Pr [Y],
Pr [ XAZ] =Pr [X] Pr [Z],
Pr[ZAY] =Pr [Z] Pr [Y],
Pr [XAYAZ] #Pr [X] Pr[Y]Pr[Z]
}’
Probabi lities -» Regul ar

]

{{Xﬁ{alz, as, ae, asg},

Y- {a3, as, a7, ag}, Z- {aa, ag, ay, ag},
Q- {a1, az, as, as, as, as, az, asly,
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Trut hTabl e [MODEL1]

X|Y|Z|var Pr
T|T|T| as ﬁ
T|T|F| as %
T|F|T| ag %
TIF|F| as —840851:2%\8/;167W
FIT|T| ay %
FIT|F| as -840851%%W
FIF|[T| a4 —84085?&%@
FIF|F| a; 295043@;;53167%

Eval uat eProbabi lity[
{
Pr [XAY] =Pr [X] Pr [Y],
Pr [XAZ] =Pr [X] Pr [Z],
Pr[ZAY] =Pr [Z] Pr [Y],
Pr [XAYAZ] #Pr [X] Pr[Y]Pr[Z]
}, MODEL1]

{True, True, True, True}

m Example#2: sviolates(¥)

s[h_, e_]1:=Pr[h|e]l-Pr[h]|-e];



MODEL2 =
Pr SAT|

{

Pr[H | E1] >Pr [H | E2],
S[H, E1] <S[H, E2]

}

Probabilities -» Regul ar ]

{{Elé{al21 asg, ae, 818},

E2 - {a3, as, a7, asg}, H - {as4, as, a7, as},
Q- {ai1, a2, az, aa, as, as, ay, as};,

510368 209 2 4 1
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as > —, ag > ——, a7 > —, ag > —
> 7 a9’ “° T B32’ TT 737 %7 g7
Trut hTabl e [MODEL2]
E1|E2 |H |var Pr
T|T|T| ag gg
T|TI|F| as gg
1
T F |T]| as 535
T|F |F|a =
F|TI|T| a; %2
F|TI|F| as -~
1
F F|T| as 599
510368209
F | F |F| a1 | 332508124

Eval uat eProbability][

{
PriH | E1] > Pr [H | E2],
S[H, E1] <S[H, E2]

}, MODEL2]

{True, True}



Note: d satisfies (1)

dfh_, e_1:=Pr[h|e]-Pr[hy;

Pr SAT [

{
PriH | E1] 2Pr [H | E2],
d[H, E1] <d[H, E2]

}

]

— PrSAT ::srchfail :

Search phase failed; attempting

FindInstance

{}

m Example#3: A Counterexample Requiring 4-Events (Douven)

Question: Given afinite set Sof propositions such that (1) each proposition H in Sis
correlated with the conjunction of the members of any non-empty of subset of S that
does not contain H, is (2) the conjunction of the members of any non-empty subset S
of Scorrelated with the conjunction of any non-empty subset S' of Snot overlapping
with S?

Answer: No. Note: the answer is YES for 3-event spaces. So, we assume a four-
event probabilitiy space, over the propositions {X, Y, Z, W}. To try to find a 4-ele-
ment countermodel, we first represent condition (1):



Cl: =
{

Pr[X | Y] > Pr[X],
Pr[X | Z] > Pr[X],
Pr[ X | W > Pr[X],
Pr[Y | Z] > Pr[Y],
PrIY | W >Pr[Y],
Pr[Z | W >Pr[Z],
Pr[X | YAZ] > Pr[X],
PrX|] YAW > Pr [X],

I
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PriX | ZAW > Pr [X],
I
I
I
I
I
I
I
I
I

PrY | XAZ] > Pr[Y],
PrY | XAW >Pr[Y],
PrIY | ZAW > Pr[Y],
PriZ | XAY] > Pr[Z],
PriZ | XAW > Pr [Z],
PriZ ] YAW > Pr[Z],
Pr[X | YAZAW > Pr [X],
PrIY | XAZAW > Pr [Y],
XAYAW > Pr [Z]

Pr[Z

}
Now, the key will be trying to find models in which C1 (i.e, al the inequalities in
C1) holds, and in which at least one of the following equalities holds (these would, of
course, be modelsin which (2) fails):

C2: =

{

Pr[XAY | ZAW = Pr [XAY],

PriXAZ | YAW =Pr [XAZ],

PriYAZ | XAW =Pr[YAZ]

}
In fact, welll find a model in which all the equations in C2 hold, using our Pr SAT
function, asfollows:



MODEL3 =
Pr SAT[

Uni on[Cl, C2],

Probabilities » Regul ar
]

{{Wﬁ {a2, as, a7y, as, aiz, a3, a4, a1e},

X {a3, as, ag, aig, aiz, ais, ais, aie},
Y- {a4, a7, ag, aii, aiz, ai, ais, aie},
Z- {as, ag, aio, aii, aiz, ai4, ais, aie’,
Q- {ai, ap, asz, ag, as, as, ay, asg, ag,
aip, A, aiz, ais, a4, ais, aie}},

{ 53930355 133 083 251 854 2
- , Ay > —,
1~ 380885438824209942075 2 45
2 1 2 91386781
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Trut hTabl e [MODEL3]

W X|Y|Z]|var Pr
T|T|T|T|as o
TIT|T|F|amp ¥
T|T|F|T|as o
TITIF|F]| as 2213323%20
T|F|T|T|aw o
T|F|T|F| a7 Te e
TIFIF|T]| as ii?iiﬁ%
T|F|F|F| a2 "
FIT|T|T|as o
FIT|T|F| ag =
FIT|F|T|aw o
FIT|F|F| a3 -
FIF|T|T|an o
FIF|T|F| a4 -
FIF|F|T| as o
FIFIF]F] aa iiiﬁfiigﬁﬁiiﬁﬁﬁii

Eval uat eProbabi lity[
{
Uni on[Cl, C2]
}, MODEL3]

{{True, True, True, True, True, True, True,
True, True, True, True, True, True, True,
True, True, True, True, True, True, True}}



m " Proving" Theorems
Bayes's Theoremistrivial:

Pr SAT [

{

PriX | Y]#
PrY | X]Pr[X]

PriY | X]1Pr[X]+Pr[Y | =X]Pr[-X]

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

{}

Popper-Miller Theorem "Additivity of d-Confirmation™ Theorem istrivial:

Pr SAT

{
d[H, E] #d[HVE, E] +d[HV-E, E]

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

{}



Pr SAT|

{
d[HV-E, E] >0

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

{}

Pr SAT

{
d[H, E] #+d[HAE, E] +d[HA-E, E]

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

{}

Pr SAT

{
d[HA-E, E] >0

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

{}

Note: Popper-Miller Theorem fails for r (first pointed out by Redhead)

rth_, e_l1:=Pr[h|e]/Pr[h];



MODEL4 = Pr SAT [

{
rH, E]#r[HVE, E]+r[HV-E, E]

}
Probabi lities » Regul ar

]

{UEﬁ {az2, aa},

H - {al31 a14}1 Q- {allr dz, Aas, 814}},
427 1 1 285
(e })

- ——————, A2 > ——, A3 > ——, A4 &> ——
285714 999 999 286

Trut hTabl e [MODEL4]

E |H |var Pr
285

T T Ay m
TIF|ay | o
999

FIT|a =
3 999

427

FIF| a1 | 555712

Wagner's "Probabilistic Modus Tollens” Theorem istrivial



Pr SAT [

{

1-Pr[E|H]-Pr[-E] PriE |H] +Pr[-E]-1
>

1-Pr[E|H] Pr[E | H]
1-P -Pr[-

r[E | H] r[-E] o Pr [= 1]

1-Pr[E | H]

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

{}

Pr SAT [

{

PriE |H] +Pr[-E]-1 1-Pr[E|H]-Pr[-E]
>

Pr[E | H] ) 1-Pr[E|H]
Pr[E|H]+Pr[-E]-1

}
]

— PrSAT ::srchfail :
Search phase failed; attempting
FindInstance

>Pr[-H]
Pr[E | H]

{}



