PrSAT Tutorial (Mathematica
Notebook)

June 16, 2011

= First, load in the PrSAT package
See my PrSAT website for instructions on downloading and installing PrSAT (assuming you have Mathematica
installed).
<< PrSAT"

= Example #1

The first example of a probability model that we saw was the following:

1 1 1 11
MODEL1 = PrSAT[{Pr[XAY] == —, Pr[XA-Y] == —, Pr[- XAY] == —, Pr[~- XA-Y] ==—}]
6 4 8 24
11 1 1 1
{{X%{aZI 814}, Y%{a3r 614}, Q%{alr Az, A3y a4}}l {aIQZI alZ%Zl 813%5, a4ﬁg}}

PrSAT will show us an STT representation of MODEL1:

TruthTable [MODEL1]

X|Y |var | Pr
a 1

4 6

1

T|F| a; z
1

F(T as E
Flr|a, |2
24

We can use PrSAT to calculate probability, using MODEL1:
EvaluateProbability[{Pr[XV Y], Pr[X], Pr[Y]}, MODEL1]
13 5 7

e 12 20)
We can also check arbitrary claims to see if they are true on MODEL1:
EvaluateProbability[Pr[X | Y] > Pr[X], MODEL1]
True

= Example #2
The second example we saw was an algebraic proof of the following theorem:
PrXVY)=Pr(X) +Pr(Y)-Pr(X A Y)
Pr[X || Y] =Pr[X] +Pr[Y] -Pr[X&&Y]

PrSAT easily verifies this theorem (note: it does not present a readable proof).
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PrSAT[{Pr[XV Y] # Pr[X] +Pr[Y] -Pr[XAY]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

This output means there are no probability models on which Pr[X V Y] # Pr[X] +Pr[Y] - Pr[X A Y]. That
"proves" that the above statement is a theorem of probability calculus.

= Example #3
The second example we saw was an algebraic proof of the following theorem:
Pr(X) =PrX AY)+PrX A=Y)
Pr[X] = Pr[X && Y] + Pr[X && - Y]
PrSAT easily verifies this theorem (note: it does not present a readable proof).
PrSAT[{Pr[X] # Pr[XAY] + Pr[XA - ¥]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

This output means there are no probability models on which Pr[X] # Pr[X A Y] + Pr[X A - Y]. That
"proves" that the above statement is a theorem of probability calculus.

= Example #4
The next example involves the following theorem:
PrX-Y)=Pr(Y | X)

Pr(X - Y] = Pr[Y | X]

PrSAT easily verifies this theorem (note: it does not present a readable proof). First, we need to define the conditional
operator.

X »Y :=-XVY;

PrSAT[{Pr[X - Y] < Pr[Y | X]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

This output means there are no probability models on which Pr[X - Y] 2 Pr[Y¥ | X]. That "proves" that the
above statement is a theorem of probability calculus.

= Example #5
The next example involves the following theorem:
dX,Y)=dXVY,Y)+d(X\ ~Y,Y), whered(X, Y) = Pr(X | Y) - Pr(X). &
PrSAT easily verifies this theorem (note: it does not present a readable proof). First, we need to define d (X, ¥).
d[X_, ¥Y_] :=Pr[X | Y] -Pr[X];
PrSAT[{d[X, Y] # A[XVY, Y] +d[XV - Y, Y]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

This output means there are no probability models on which d[X, Y] #d[X V Y, Y] +d[X V - ¥, Y].
That "proves" that the above statement is a theorem of probability calculus.
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= Example #6
The next example involves the fact that Pr(X 1Y VZ) =Pr(X 1Y A Z) is NOT a theorem:

PrSAT easily finds a counter-model to this claim.

PrSAT[{Pr[X |YVZ] # Pr[X | YA Z]}]

{{X% {az, as, ag, agl, Y > {a3, as, a7, as},
Z > {ag, ag, ay, agl, Q> {ai, az, az, aq, as, Ag, A7, Agl},
63 1 110 1
{alai,azao,a@,%—,au%—,aseo,asao,auao,ag%f}}
125528 568 221 2
The model PrSAT finds by defualt is non-regular. We can force it to find a regular counter-model, as follows:

MODEL2 = PrSAT[{Pr[X | YVZ] # Pr[X | YA Z]}, Probabilities » Regular]

{{X - {aZI dsy, gy aS}I Y - {a3l Asy A7y aS}l

Z > {ag, ag, a7, agl, Q> {ai, az, as, aq, as, ag, A7, aAgl},

6053 1 1 1 1 10 85 1
——————, Ay > —— , A3 > —— , Ay > —— 4, Asg > — , Ag > — 4, A7 > — 4 age—}}
6111882 999 999 999 46 21 171 999

Here is an STT representation of MODEL2:

{all -

TruthTable [MODEL2]

X|Y|2Z|var| Pr
TlT|T| a, L
999
1
T|T|F| as =
46
T|F|(T|as | 2
21
1
T|F|F|a, | &
999
Flr|T| a; 5
171
1
FlT|F|a; | &
999
1
FIF|T|as | &
999
FlF|F| a, 5053
6111882

We can calculate the values of Pr[X | ¥ A Z],Pr[X | Y V Z] on this model as follows:

EvaluateProbability[{Pr[X | YA 2Z], Pr[X | YV Z]}, MODEL2]

{ 19 3049405}
9454 6099711

We can look at decimal representations of these exact real numbers, as follows:
% // N
{0.00200973, 0.499926}

We gave a different model in the lecture notes. We can enter that model in by hand, and then verify it has the desired
properties, as follows:
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MODEL3 =
1 1 1 1
PHMTHPHXAYAZ]==—,PHXAYAﬂZ]==—,PrHAﬂYAZ]==—,PHXAﬂYAﬂZ]==—n
6 6 4 16
1 1 1 1
Pr[-XAYAZ] == —, Pr[~-XAYA-2] == — , Pr[-XA-YAZ] ==— , Pr[-XA-~-YA-Z] ==—}]
6 12 24 16
{{X%{alZI as, ag, agl, Y > {az, as, az, asgl,
Z%{a4l Ay A7y alS}I Q%{all A2y A3y A4y A5y Agyr A7y alB}}r
1 1 1 1 1 1 1 1
{8114)7,8124)7,813%7,814%7,8154)7,816%7,617%7,818%7}}
16 16 12 24 6 4 6 6

TruthTable [MODEL3]

X|Y|Z |var |Pr
TlT|T| ag %
1
T|(T|F ds E
1
T[(F|T| as 2
1
T|F|F|a, |=
16
1
F(T)|T asy E
1
FlT|F| a; |=
12
1
FlF|T| as |=
24
1
FIF|F|a; |=
16

EvaluateProbability[{Pr[X | YA 2Z], Pr[X | YV Z]}, MODEL3]
1 2
L)
2 3
We can also see the algebraic form of an expression, as follows:
AlgebraicForm[Pr[X | YAZ] == Pr[X | ¥V Z], {X, ¥, Z}]

ag ds + dg + Ag

Az + Ag A3 +dyg +As +Ag + A7 + Ag

Note that PrSAT uses different conventions (i.e., a different ordering in the truth-table) for the a; than I use in the
lecture notes.

Here is a verfifcation of some of our independence theorems:

PrSAT[{
Pr[P A Q] == Pr[P] Pr[Q],
Pr(P | Q] # Pr(P],

1

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

PrSAT[{
Pr[P A - Q] == Pr[P] Pr[- Q],
Pr[P A Q] # Pr[P] Pr[Q]
1

PrSAT::srchfail : Search phase failed; attempting FindInstance

3
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PrSAT[ {
Pr[P A Q] == Pr[P] Pr[Q],
Pr[P A - Q] # Pr[P] Pr[- Q]
}

PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

Here is a (regular) model showing that pairwise independence does not entail mutual independence (for a set of 3

events)

PrSAT] {
Pr[XAY] = Pr[X] Pr[¥],
Pr[X A 2] == Pr[X] Pr[Z],
Pr[YAZ] == Pr[Y] Pr[Z],
Pr[(XAY) AZ] # Pr[XAY] Pr[2],
Pr[X] == Pr[Y] == Pr[Z] =1 / 2
}, Probabilities -» Regular]

{{X - {aZI dsy, gy aS}I Y - {a3l Asy A7y aS}l

Z > {ag, ag, a7, ag}, Q> {ai, az, as, aq, as, ag, a7, aAgl},

1 42 42 42 1 1 1 42
{311%7,812%7,a3%7,al4—>7,615%7,816%7,317%7,318%7}}
676 169 169 169 676 676 676 169
TruthTable[%]
Z | var Pr
TlT|T| a2 |22
169
T|T|F| as |~
676
T|F|T| ag |-
676
T|lF|F|a, | 22
169
1
Flr|T|a |
676
FlT|F| a; |22
169
F|F|T| a, |2
169
1
F|F|F|a |-
676

Here is a (regular) model showing that independence is not transitive:

PrSAT[ {
Pr[XAY] == Pr[X] Pr[Y¥],
Pr[YAZ] == Pr[Y] Pr[Z],
Pr[XAZ] # Pr[X] Pr[Z],
Pr[X] == Pr[Y] == Pr[Z] =1 / 2
}, Probabilities » Regular]

{{X - {az, as, ag, agl, Y > {az, as, az, ag},
Z > {ag, ag, a7, ag}, Q> {ay, az, as, ag, as, Ag, A7, Ag}},

1 995 1 995 995 1 995 1
{6{11%7,612%7,813%7,814%7,815%7,6&6%7,6{17%7,818%7}}
999 3996 999 3996 3996 999 3996 999

|5
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TruthTable[%]
X|Y |2 |var | Pr
TlT(T| as | =
999
TlT|F| a5 |22
3996
T|F|T| ag | =
999
T|F|F| a, |22
3996
Flr|T| a; |22
3996
FlT|F| a; | -2
999
FIF|T| a, |22
3996
F|F|F|a; | -2
999

Extra Example (not from my lecture #1 notes): Here's an example of a set of constraints that are satisfiable but only on
probability models containing irrational numbers

1 1
PrSAT[{Pr[Y | X] = Pr[YVX], Pr(XAY] = —, Pr[- XAY] == —}]
4 4

{{X* {@az, ag}, Y= {a3, ag}, Q> {a1, az, az, as}},

1 1 1 1
{alef(7—\/17),@297(—3+\/17),a1397,a1497}}
8 8 4 4
TruthTable[%]
X|Y |var Pr
1
T|T Ag Z
T|F| a, §(73+\/17)
1
F|T as z
F|F| a; 7;(74/17)

Can you prove that this is the only model for this set of constraints?
= The first numerical probability model appearing in the lecture notes

MODEL1 = PrSAT [{

1
Pr[XAY] = —,

6
Pr[XA- Y] ==

Pr[- XAY] ==

}]

{{X% {az, asl, Yo {a3z, as}, Q> {a1, az, az, ast}, {allﬁar alzﬁzr al3->gr a4*z}}

0lk nlR
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TruthTable [MODEL1]

X|Y |var |Pr
1
T|T| as E
1
T|F ap z
1
F (T as E
F|F|a; |2
24

Using PrSAT to translate probabilistic expressions into algebraic ones
AlgebraicForm[Pr[- XV Y] < Pr[Y | X], {X, Y}]
Ay
l-a;<
Ay + dg
DenialOfTheorem = AlgebraicForm[Pr[- XV Y] < Pr[Y | X], {X, Y}]
Ay
l-a;c<
Ay + dg
We can then use Mathematica's decision procedure for real algebra (FindInstance) to refute this claim, assuming
that the underlying variables are constrained so as to constitute a probability model:

FindInstance[DenialOfTheorem&& a; + a, + a3 + ay == 1 &&
O<a;<l&0<a;<1l&&0<a3;<1&&0=<a,y,=<1, {a;, az, a3, az}]

{1

Using PrSAT to find a model on which Pr(X1Y A Z) # Pr(X1YV 2)
MODEL2 = PrSAT[{
Pr[X | YAZ] # Pr[X | YV 2]
}s

Probabilities -» Regular, BypassSearch -» True]
{{Xﬁ {az, as, ag, ag}, Y > {az, as, ay, ag},

Z > {ag, ag, a7, agl}, Q> {ay, az, as, aq, as, Ag, A7, Agl},

1 1 1 5 1 1 1 1
{6‘11%—,Eﬂz%—,al3—>_,614%—,alsﬁ—,asﬁ—,al7%—,al8%—}}
32

TruthTable [MODEL2]

X|Y|Z |var |Pr

1

T(’:Ilg;

1
T|T|F|as |
T[(F|T| as
T[(F|F| az
FlT|T]| a;

|U‘| k]| ol- ;‘»—- © |~

FI|F|T| as

-
o

[~

F|F|F| a;

-
o

EvaluateProbability[{Pr[X | YA 2Z], Pr[X | YV Z]}, MODEL2]

1 3

s 1)
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= Using PrSAT to show the ordinal non-equivalence of {d, r, 7, s}
d[H_, E_] :=Pr[H | E] - Pr[H];
Pr[H | E] - Pr[H]

r[H_, E_] := 7
Pr[H E] + Pr[H]

Pr[E | H] -Pr[E | - H]

H] +Pr(E | ~H]
S[H_, E_] :=Pr[H | E] -Pr[H | -~ E];

]
H
[}

1 1
JH_, E_] := - i
Pr[-H | E] Pr[ - H]

A model showing that & and r are not ordinally equivalent:

MODEL3 = PrSAT[{
d[H1, E1] 2 d[Hz, Ez],
r(Hy, E;] < r[Hy, E;]
}s

Probabilities -» Regular]

{{]El - {az, ae, a7, ag, a1z, a1z, A4, 161, E2 > {@3, &g, A9, A0, A12, A13, A15, A6} s

Hi - {a4, a7, ag, a11, A12, A14, A15, A16}, Hz > {as, ag, a0, @11, @13, A14, A15, A16} /s
Q- {ai, a2, az, aq4, as, A, A7, Ag, A9, A10, A11, A12, A13, A14, A15, A16} } s

45122521985018694 529 1 4 6 1
{alﬁ y A2 > ——, A3 > —— 4y Ag > —— 4y A5 > — 4
395712164128624041600 979 27 19 999
1 1 2 1 28 1
aﬁ - I al7 - 1 als - — ag - 4 allO i A 4 all i I 4
985 998 45 116 141 384
11 1 1 2 1
Q12 >, A13 > 4, A4 > 4 A15 > — 4 alsﬁ—}}
100 999



TruthTable [MODEL3]

E; |E; |Hy |H, | var Pr
T T|T|T |as 9—;9
t|T|T|F |an 11—010
r|T|F|T|ans 717
T|T|F|F|as 9—;5
TIF|T|T|aw ?15
Tr|F|T|F|a, 9—;8
2
T|F|F|T| ag =
T|F|F|F|a, 9—;9
2
F T T T dis E
1
F T T F dg 1716
F|T|F|T|am %
4
F T F F as ;
1
F F T T ajg ﬁ
6
F|F|T|F|aa -
1
F|F|F|T]|as L
999
F F F F a, 45122521985018694529

395712164128624041600

EvaluateProbability[{{d[H:, E;], d[H2, E;]1},
{r[Hi, E1], r[H2, E;]}}, MODEL3] // N

{{0.21837, 0.178694}, {0.182368, 0.229258}}

A model showing that 4 and ¢ are not ordinally equivalent:

MODEL4 = PrSAT[{
d[H;, E;] 2d[Hz, E;],
f[Hy, E;] < /[Hz, E;]

s

Probabilities -» Regular]

examples_Imu.nb

{{El - {az, ae, az, ag, a1z, A13, A14, A16},s E2 > {A3, a6, A9, @10, A12, A13, A15, A16) s

1525917 434 359 1 1

{6111% y Ay > ——, A3 > — , Ag > ——
4455027404 640 113 21
1 1 1 1

Ag > —— 4y A9 > —— 4 A10 > oy A1l > — ¢

I leave the remaining pairs as exercises.

= Selection of Properties (1)-(8)

Verification that r satisfies commutativity (4):

A1z > —— 4 A13 2> — 4y A1g > —— 4, A15 >~ 4

Hi - {a4, a7, a9, A11, A12, A14, A15, A16}, Hz » {as, ag, A10, A11, A13, A14, A15, Al6} s
Q- {a1, az, az, ag, as, ag, a7, ag, A9, Ar0, A11y A12, A13, A14, A15, A16} } s

—— A7 > —
30

8

aw > —}}
33

|9
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PrSAT[ {
r[(H, E] # r[E, H]

}, BypassSearch - True]

3

Model showing that s violates (4):

MODELS5 = PrSAT | {

Pr[H | E] > Pr[H],
s[H, E] # s[E, H]

}, Probabilities » Regular]

16511 1 1 10
Ay > —, A3z > — 4 814%7}}

{{]E - {az, a4}, H - {az, as}, Q> {a1, az, az, aqs}}, {al - ’
27972 4 999 63

TruthTable [MODELS]

E|H |var| Pr
=
4 63
I
T|F| a =
2 4
I
F|T|as | -2
999
16511

F(F aj
27972

EvaluateProbability[{s[H, E], s[E, H]}, MODEL5] // N
{0.386657, 0.696209}

Model showing that ¢ violates the so-called "Law of Likelihood" (2):
MODEL6 = PrSAT[{

Pr[E | H1] > Pr[E | H2],
f[H1, E] < [H2, E]

}, Probabilities » Regular]

{{E - {az, as, ag, ag}, H1 > {a3z, as, ay, ag},

]HZ%{aMIaGIaWIaS}IQ%{alI Az, A3, Ay, Asy Agyr A7y alS}}l

71843009866 3 10 1 1 1 2 1
{a14>44444444447, Ao —,az3> —,a4> ——,a5 > ——,Ag > ——, A7 > —, a84>447}}
96210749943 43 99 177 189 629 29 999

Model showing that s violates (3) — people were very surprised when I reported this one:
MODEL7 = PrSAT]{

Pr[H | E1] > Pr[H | E2],
s[H, E1] < s[H, E2]

}, Probabilities » Regular]

{{]El i {aZI Asy gy alS}l E2 - {6{13, dsy, A7y aJS}I

H — {ag, ag, a7, agl, Q> {ai, az, az, as, as, ag, a7, aAgl},

211701818 2 4 3 1 5 16 12
{alei,a2—>—,a13+—,a4e—,a5e—,a6—>—,a7e—,a3e—}}
1118425347 23 27 41 31 39 69 109

EvaluateProbability[{Pr[H | E1], Pr[H | E2], s[H, E1], s[H, E2]}, MODEL7] // N

{0.666543, 0.654647, 0.191741, 0.233022}
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Here is a bizarre measure y, which satisfies (R), but violates (8). This was discovered by Crupi et al. See their paper:
"Towards a Grammar of Bayesian Confirmation", which can be downloaded from my Mathcamp webpage http://fitel-
son.org/mathcamp/

¥[H_, E_] := Pr[H | E]* - Pr[H]?;
This model shows that y violates (8):

MODELS = PrSAT[{

Pr[E | H1] > Pr[E | H2],

Pr[E | -~ H1] == Pr[E | - H2],

Yy[H1, E] < ¥[H2, E]

}, SearchAttempts » 10, Probabilities -» Regular]

{{]E% {alZI dsy Agy a&}l H1 > {al3l dsy A7y aﬁ}l H2 > {al4l Agr A7y alﬁ}l

50999038403 14
Q- {a1, az, az, ag, as, ag, A7, Aglly {alé—l Az 2> —
426 712555 305 37
118434037 1 5 9 1 1
313%—,814%7,315%7,616%7,817%7,618%7}}
126860489415 27 33 29 999 785

PrSAT[ {

Pr[E | H1] > Pr[E | H2],
Pr[E | - H1] < Pr[E | ~ H2],
J[H1, E] < J[H2, E],
Pr[H1] == 2 Pr[H2]

}, SearchAttempts » 10, Probabilities » Regular]

{{]E% {aZI dsy Agy a&}l H1 > {a3l Asy A7y aﬁ}l

H2 > {a4, a¢, a7, ag}l, Q> {ai1, az, az, ag, as, A¢, A7, Ag}},
28502 4 280153 7 13 1 1 1

{alei, dy > — A3z > ————— ¢ a4—>—,a59—,a6e—,a7+—,a8—>—}}
177859 37 865260 46 90 19 22 76
We can verify that vy satisfies (R), as follows:
PrSAT[ {
Pr[H | E] > Pr[H] & y[H, E] <0 ||
Pr[H | E] == Pr[H] && y[H, E] # 0 | | Pr[H | E] < Pr[H] && ¥ [H, E] 2 0
}, BypassSearch - True]

3

My Hint about exercise (ii)

X -

FullSimplify[ LA Tanh[é Log[f]]]
Y

X+y

True
Both tanh and log are increasing functions. And, increasing functions preserve order.

Best Probability Bounds

PrSAT has a built-in function PrRange for computing best possible bounds on a probability expression, subject to
(arbitrary) numerical constriants. Here are some examples:

Modus ponens:
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In[63]:=

out[63]=

In[72]:=

out[72]=

In[75]:=

out[75]=

In[76]:=

out[76]=

In[77]:=

out[77]=

In[78]:=

out[78]=

In[91]:=

In[95]:=

out[95]=

In[96]:=

out[96]=

In[97]:=

out[97]=

In[98]:=

out[98]=

In[99]:=

out[99]=

1 1
PrRange[Pr[B] , Pc[B | A] == — && Pr[A] == —]
2 3

el
6 6
Constraints don’t have to be equalities:

1 1
PrRange[Pr[B] , Pr[B | A] < — && Pr[A] > —]
4 3

o, ;}

Modus tollens:

1 1
— && Pr[- B] == —
4 3

PrRange[Pr[—- A]l, Pr[B | A]

Denying the antecedent:

1 1
— && Pr[- A] == —
4 3

PrRange[Pr[—- B], Pr[B | A]

1 5
G
We can also solve analytically for general symbolic best possible bounds. Here are the bounds for modus ponens:
MPCons = AlgebraicForm[Pr[B | A] == x & Pr[A] ==y, {A, B}]
Ay

=x&&az+ay =Yy
Ay + Ag

PrB = AlgebraicForm[Pr[B], {A, B}]

as +ag

BackCons =0 <aj <1&&0<a3z3<l&0<as<l&&a+az+ag <1;

MPMax = Maximize[{PrB, MPCons && BackCons}, {a,, a3, as}, Reals] [[1]]

l-y+xXxy O0<y<l&&k0O0<x<1
— oo True

FullSimplify[MPMax, 0 <y < 1&&0< x < 1]
1+ (-1+x)y
MPMin = Minimize[{PrB, MPCons && BackCons}, {a,, a3, as}, Reals] [[1]]

Xy 0<y<l&&0<x<1
o  True

FullSimplify[MPMin, 0 <y < 1&&0< x< 1]

Xy

And, here are the bounds for modus tollens:

MTCons = AlgebraicForm[Pr[B | A] == x & Pr[- B] ==y, {A, B}]
Ay

=x&&l-as-ay =y
Ay + Adg



In[101]:=

out[101]=

In[102]:=

out[102]=

In[103]:=

out[103]=

In[104]:=

Out[104]=

In[105]:=

Out[105]=

In[106]:=

Out[106]=

In[107]:=

out[107]=

PrNotA = AlgebraicForm[Pr[- A], {A, B}]
1- Ay — Ay
MTMax = Maximize[ {PrNotA, MTCons && BackCons}, {a;, a3, as}, Reals] [[1]]

1 0<y<l&&0<x<l
- True

FullSimplify[MTMax, 0 <y < 1&&0 < x< 1]
1
MTMin = Minimize [ {PrNotA, MTCons && BackCons}, {a,, a3, as}, Reals] [[1]]

~l+x+y

Tx (0<y<l&&x=1-y) || (0<y<l&O0<x<l-y)
L:w O<y<l&sdl-y<x<l1
© True

FullSimplify[MTMin, 0 <y < 1&&0 < x < 1]

y
l+— x+y=<1
-1+x Y
~l4x+y

True
X

FullSimplify[MTMin, 0 < y < 1&&0<x<1&&x+y <1]

Yy
1+

-1+x
FullSimplify[MTMin, 0 <y < 1&&0<x<1&&x+y > 1]

-l+x+y

X
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