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Abstract

De Finetti introduced the concept of coherent previsions and conditional pre-
visions through a gambling argument and through a parallel argument based
on a quadratic scoring rule. He shows that the two arguments lead to the same
concept of coherence. When dealing with events only, there is a rich class of
scoring rules which might be used in place of the quadratic scoring rule. We
give conditions under which a general strictly proper scoring rule can replace
the quadratic scoring rule while preserving the equivalence of de Finetti's two
arguments. In proving our results, we present a strengthening of the usual
minimax theorem. We also present generalizations of de Finetti’s fundamental
theorem of prevision to deal with conditional previsions.

1. Introduction. Chapter 3 ofTheory of Probabilityde Finetti, 1974, vol. 1) pro-
vides two criteria of coherence for previsions (or probabilistic forecasts) over a set of
bounded random variables. The first criterion is formulated under the assumption that pre-
visions serve as fair prices for buying and/or selling contracts of the &Mn— P(X)).

Here, P(X) is the prevision of the bounded random variallleand X is defined on the

set() whose generic element is denotedWith ¢ positive, the decision maker will pay the
pricecP(X) and receive-X (w) units in statev. With ¢ negative, the decision maker sells
this gamble onX and receives a payment @P (X)) units. Withc = 0, the decision maker
remains at his status-quo fortune. Furthermore, conditional previsions are also defined as
fair prices for buying and/or selling contracts of the foefg[X — P(X|B)|. Here,B is

an event and is its indicator. The contract has 0 valueAfdoes not occur. It is easy

to see that, ifB = Q, P(X|B) has the same operational meaningrds(). In this way,
previsions are special cases of conditional previsions. We refer to conditional previsions
for which B = 2 asmarginal previsionsvhen the need arises. When we refer to previsions
unqualified, we mean both marginal and conditional previsions.

In order to be able to deal with marginal and conditional previsions simultaneously, we
introduce some notation. L&t be an index set, and le¥ = {(X,,B,) : « € X} be a
set of pairs of bounded random variables and events. Foreaeh, X, is a bounded
real-valued function defined on the $etand B, is a non-empty subset 1. For each
(X, B) € X the decision maker is required to provide a real-valued (conditional) prevision
P(X|B).

DEFINITION 1. (COHERENCE) A set of previsions isncoherent if there exists a fi-
nite subsefay, ..., a;} of R and corresponding valugs,,,, . . ., ¢,, } SO that the net payoff
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to the decision maker is uniformly negative in all states 2. That is, there exists > 0
such that, for allv € Q,

k
(1) ani]Bai [Xai (w) - P(Xaz|BaL):| < —€.

i=1

The set of previsions is callectbherent otherwise. If (1) occurs, we say thbbok has
been madagainst the decision maker.

Thus, coherenges the requirement that the decision maker’s previsions cannot be (uni-
formly) dominated by the status-quo, corresponding to the state of neither buying nor sell-
ing such gambles.

De Finetti had some misgivings about one aspect of this criterion of coherence. As
he explained in de Finetti (1981), he was concerned that, even as an idealization, it failed
to satisfy operational requirements for eliciting the decision maker’s uncertainties over the
pairs inX. The problem he recognized is that the decision makers selection of announced
previsions might reflect her or his anticipation of the opinions of the “opponent,” whose role
in the game is to select the sign and magnitude of the coefficientsshe the gambles.

In this regard, he disliked the strategic aspects that entered into the prevision-game under
the first criterion for coherence.

De Finetti proposed a second criterion of coherence, which he demonstrated is equiv-
alent to the first for classifying sets of previsions as coherent and, since it does not ap-
peal to decisions of an opponent, avoids the concerns with strategic play that affect the
first criterion. The second criterion uses a squared-error loss function to score previ-
sions: L = Ig(X — P(X))% That is, the decision maker suffers a lass depend-
ing upon the value ofX and the evenfB. The loss given to a finite set of previsions
{P(X0,|Bay)s - - - P(Xa,|Ba,)} is the sum of the losses for the individual previsions.

DEFINITION 2. (COHERENCE) A set of previsions isncohereny if for some finite
subset of those previsions there exists an alternative set of previsions that result in a (uni-
formly) smaller loss in all the states € ). The set of previsions is callecbherent
otherwise.

Thus, coherenges the requirement that no finite subset of the decision maker’s previsions
can be (uniformly) dominated by a rival set of previsions in terms of squared-error loss.

de Finetti (1974) established that a set of marginal previsions is coherent in the one
sense if and only if it is coherent in the other sense. In de Finetti (1974, pp. 88-89 and 188-
190) he gave a geometric argument to show that the second criterion distinguishes coherent
from incoherent sets of marginal previsions of events identically with the first criterion.
His elegant reasoning is simple to state. When an incohesentof marginal previsions
are announced for a finite set of events, collectively those correspond to a point outside the
simplex generated by the linear span of the indicator functions for the finitely many events
forecasted. Then, projecting onto the simplex from that point produces a cohssenf



marginal previsions whose squared-error loss dominates that of the first set of previsions,
regardless which state occurs. That is, the Euclidean distances from the projected point on
the face of the simplex to each corner of the simplex is strictly less than the corresponding
distances from the point outside the simplex to those corners; hence, those ingoherent
previsions for a finite set of events are also incohereMreover, if the set of previsions
are coherentthey correspond to a point within the simplex. But no other point within the
simplex is simultaneously closer to all the corners. Hence, a coheetrmf previsions for
events also is coherent

Regarding the problem of strategic play in eliciting a decision maker’s previsions,
which affects the first criterion, that concern is mitigated using the second criterion since,
under squared-error (Brier) score, the decision maker uniquely minimizes her/his expected
loss for a set of previsions by announcing the (subjective) expected value for each variable
forecast. When forecast variables are indicator functions for a set of events, the deci-
sion maker’s previsions then are her/his personal probabilities for those events. That is, as
de Finetti (1981) reported he “invented” the rule, known since Brier (1950) as Brier score,
which is a strictly proper scoring rule for eliciting probabilities for events.

DEFINITION 3. (SCORING RULES) A scoring rulefor scoring the conditional forecast
P(A|B) of an eventA given another evenB is a pair of extended-real-valued functions
(g0, g1) defined on the intervdD, 1] with the following understanding. 1A occurs, the
forecaster suffers a loss @f,g,(P(A|B)), and if A® occurs, the forecaster suffers a loss
of Ipgo(P(A|B)). The scoring ruld g, g1) is properif, for all eventsA and B, the fore-
caster’s subjective conditional probability afgiven B minimizes the expected score. That
iS, (go, g1) is proper ifx = p minimizes(1 — p)go(x) + pgi(x) for each0 < p < 1. A
proper scoring rulégo, g1) is strictly properif, for all 0 < p < 1, 2 = p is the only value
of x that minimizeq1 — p)go(z) + pg:1(x). For convenience, if a proper scoring rule is not
strictly proper, we call imerely proper

When B # (), the expected score mentioned in Definition 3($3) times the conditional
expected score giveB. If P(B) = 0, there are some issues that arise, but most of them do
not affect the results that we present in this paper. We return to these issues in Section 6. To
avoid the one issue that does affect our results, we assume that(A|B) < 1 for every

pair (A, B) of events withB # (). We make this assumption because many proper scoring
rules are not defined for previsions outside of the unit interval. Although it is part of our
goal to deal with incoherent previsions, we cannot allow them to be quite so incoherent if
we wish to apply proper scoring rules.

Savage (1971) generalized de Finetti's use of squared error loss in Definition 2 and
characterized a general class of (strictly) proper scoring rules for eliciting personal prob-
abilities for events. However, Savage did not devote much detail to the argument that the
other proper scoring rules also agree with the criterion in Definition 1 in demarcating co-
herent from incoherent sets of previsions. Lieb et al. (2007) established that, for the case
of finitely many marginal previsions, de Finetti’'s geometric argument extends to all contin-
uous strictly proper scoring rules by generalizing the role played by the Euclidean metric
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with Brier score to Bregman divergence for continuous scoring rules. That is, with each
continuous, strictly proper scoring rule if a finite set of marginal previsions is incoherent
then it is dominated in score by some coheyesat of forecasts. And no finite coherent

set of marginal previsions can be so dominated.

DEFINITION 4. (DOMINANCE) Let(Ay, By),..., (A, B,) be afinite collection of pairs
of events such that each; is to be forecast conditional aB;. Suppose that the conditional
forecast of4; given B; is to be scored by the scoring ril® 4, 5,, 91.4,5,) fori = 1,...,n.
Defineg), g, (z,w) = La,np,(W)91,4,,5,(2) + Lacp, (W)g0,4,,5,(7). Letp = (p1,....py)
andq = (qi, - - . , g,) be two different sets of conditional forecasts for thevents. We say
thatq weakly dominatep if, for all w € €,

(2) Zg;\i,quZ‘,w) < Zg;li,Bi (piaw)a
=1 =1

with strict inequality for at least one. We say thay strictly dominate if (2) holds for
all w with strict inequality for alko.

There is a second, decision-theoretic line of argument relating to the equivalence be-
tween the two senses of coherence, however, that was anticipated by de Finetti (1972, p.
181-182) and sketched without much detail by Savage (1971, sections 8 and 9.1). Consider
a decision problem comprised by a set of optiGhand subject to a loss function (bounded
below) defined with respect to the finite partitién If an optionO* fails to be a Bayes
solution to the problem, i.e., if for each probability &n O* fails to minimize the expected
loss with respect to the options @@, then some randomized rule with supportirstrictly
dominatesD*. WhenQ is finite, this result was established by Pearce (1984, Lemma 3,

p. 1049). Here we extend this reasoning to statistical problems whasefinite, i.e.,
“Nature” has only finitely many nonrandomized options, but where the “Statistician” has
a continuum of nonrandomized options. We apply the extension to decision problems in
which the options are sets of forecasts and the loss function is the sum of the scoring rules.

In the remainder of this article we identify those cases in which an incoherent collection
of forecasts is weakly or strictly dominated by a coherent collection of forecasts or by
something else. The cases depend on whether the scoring rules are proper or strictly proper,
and/or continuous or discontinuous. The cases also depend on whether or not the incoherent
forecasts are Bayes decisions in the decision problems described in the previous paragraph.
One consequence of what we prove is that Definitions 1 and 2 remain equivalent even if one
replaces Brier score by any collection of strictly proper scoring rules (one for each event
being forecast) satisfying some mild assumptions. When the scoring rules are continuous,
there is a coherentset of forecasts that strictly dominates each finite incohersett of
forecasts, just as with Brier score. However, we illustrate that when the scoring rules
are discontinuous (and even though strictly proper) there may fail to be a cghseént
of forecasts that weakly dominate a particular incoherset of forecasts. In other words,
although there is equivalence between the two senses of coherence even with discontinuous
strictly proper scoring rules, it is no longer the case that incohesea@haracterized by
the existence of a dominating coheresgt of forecasts.
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2. Summary of Results. The concept of dominance is similar to that of inadmissibil-
ity, and scoring rules are just like loss functions. For these reasons, we make use of results
from statistical decision theory to prove our results about when a given set of forecasts can
be dominated. For each finite collectigh= {(A;, By), ..., (Ax, Bx)} of pairs of subsets
of Q with B; # (), we construct a decision problem whose action space is the set of vec-
tors of forecasts for thel; given B;. In each such decision problem, we check whether a
particular set of forecasts is a Bayes decision with respect to some prior distribution.

The standard theorems of statistical decision theory usually assume that the loss func-
tion is bounded below. In our setting, this would correspond to assuming that the scoring
rules are all bounded below. There are several good reasons for making such an assump-
tion, one of which is illustrated in Example 1 in Section 4. Adding a finite constant to
either or both branches of a proper scoring rule does not affect any of the properties that
we are studying, i.e., merely proper vs. strictly proper, continuity, dominance, forecasts
being Bayes. For this reason, assuming that scoring rules are bounded below is equivalent,
for our purposes, to assuming that the greatest lower bound is 0. It is trivial from Defini-
tion 3 that every proper scoring ru(ey, g;) satisfies the followingy,(z) is minimized at
x = 0 andg,(z) is minimized atz = 1. Hence, we lose no generality in assuming that
90(0) = ¢1(1) = 0. To summarize, we assume the following of proper scoring rules:

ASSUMPTIONL. Fork = 0,1, g, is bounded below, angh(0) = ¢;(1) = 0.

There are two other assumptions that play roles in some of our results, and we state them
here for completeness.

ASSUMPTION2. Fork = 0,1, g,(z) is continuous at = k.
ASSUMPTION3. Fork = 0,1, gi(x) is finite for0 < z < 1.

If every conditional forecast has a corresponding scoring rule, and the loss is the sum
of all the scores, we can generalize Definition 2 for event forecasts.

DEFINITION 5. (COHERENCE) A collection of conditional forecasts for events is
incohereny if for some finite subcollection of those forecasts there exists an alternative set
of forecasts that strictly dominates in the sense of Definition 4. The collection of forecasts
is calledcoherent otherwise.

The question then arises as to whether or not cohesdaaequivalent to coherengcén

all forecasting problems. The answer depends on which scoring rules one allows. It also
depends on what one allows for an “alternative set of forecasts.” It turns out that allowing a
randomized forecast to serve as the alternative expands the collection of scoring rules that
make coherengeand coherengeequivalent. (We are more explicit about what we mean

by a randomized forecast in Definition 8.) For example, we prove the following:

THEOREM 1. Assume that each conditional forecast is scored by a strictly proper scor-
ing rule that satisfies Assumptions 1 and 2.
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e If randomized forecasts are allowed, then cohererzoel coherencgare equivalent
in every forecasting problem.

¢ If only nonrandomized forecasts are allowed and if all scoring rules are also contin-
uous, then coherencand coherencgare equivalent in every forecasting problem.

The proof of Theorem 1 appears in Section 5. We provide an example (Example 4) to
illustrate that one cannot, without further assumptions, obtain a dominating nonrandom-
ized forecast when using discontinuous strictly proper scoring rules. We also provide an
example (Example 3) to illustrate that incohegeotecasts may not be strictly dominated,
without further assumptions, when using strictly proper scoring rules that violate Assump-
tion 2.

We prove additional results about the possibility of one set of forecasts being dominated
by another. For example, Theorem 2 includes conditions under which dominance occurs
with the use of merely proper scoring rules. Theorem 2 also includes conditions under
which a weakly dominating possibly randomized forecast exits. Theorem 3 gives condi-
tions under which an incohergraet of forecasts gets scored identically to a cohersett
of forecasts.

3. Mathematical Framework for Results. As mentioned earlier, we make use of
some standard results from statistical decision theory, and hence we want to express the
problem of comparing forecasts using proper scoring rules as a statistical decision problem.

3.1. Decision Theoretic FrameworkEach decision problem is indexed by a finite col-
lection A = {(Ay, By),..., (A, B,)} of pairs of subsets of a stwith all B; nonempty.
The parameter space for each decision problem is the collection of constituent events de-
termined byA4, as defined here.

DEFINITION 6. (CONSTITUENTS) Let Ay,...,A,, B1,..., B, be events. Construct
the (at mos8™)) eventsC; = E; ;N ---N E,, ; where eaclt; ; € {4; N B;, A’ N B;, BS'}
fori =1,...,n. Leta;(j) = 1if E;; = A,NB;, and leta;(j) = 0if not. Also, letb;(j) =1
if £;; C B;andb;(j) =0if E;_,,; = BE. The distinct nonempty sets,, .. ., C,, of this
form are called theonstituents

The action space for the decision problem indexedig the sef0, 1|, where theith
coordinate is interpreted as the conditional forecastfpgiven B;. The loss function is
the total score from a collection of scoring rules as in Definition 4, and which we make
more explicit here.

DEFINITION 7. (TOTAL SCOREY Let A = {(A1, B), ..., (4,, B,)} be afinite col-
lection of pairs of events with alB; nonempty. Suppose that, for eaththe condi-
tional forecast for4; given B; is scored by a proper scoring ruley 4, s;, 91.4,.5;)- Let



p = (m,-..,pn) be avector of conditional forecasts. Ttmal scoredfor these forecasts
are defined as follows. For each constitu€itthe total score is constant 6f) and equals

3 d_Zb 7)9a:),45,8: (Pi) = Ic; (w ZQABPZ,

whereq;(j) andb;(j) are defined in Definition 6, ang,. 5 is defined in Definition 4.

To avoid ambiguity, we are explicit about what we mean by randomized rules (which
we call randomized forecasts) in these decision problems.

DEFINITION 8. (RANDOMIZED FORECAST) Let{(Ay, By), ..., (A,, B,)} be afinite
collection of pairs of events. Aandomized forecass a probability measuré on [0, 1]
to be understood as the joint distribution of a random vector of conditional forecasts for

(Aq,...,A,) given(By, ..., B,) respectively. Theotal scoredor the randomized forecast
oare, forj=1,...,m,
@ 4 = /[ $)0,40.(2)5(d).

0,1]m

=1

The definition of total scores in Definition 8 matches the definition of the loss function
for a randomized rule in statistical decision theory. Of course, a nonrandomized fgrecast
can be interpreted as a randomized foreéasy lettingd({p}) = 1. In this case, (3) and
(4) are the same.

Definition 9 summarizes the above construction of a decision problem.

DEFINITION 9. (PROBLEM A) Let Q2 be a space. For each pdid, B) of subsets of
Q with B # 0, let (go.a.5,91.4.8) be a proper scoring rule. For each finite collection
A = {(A1, B1),..., (A, B,)} of pairs of subsets df with all B; nonempty, define the
following decision problem (callegroblem.4). The parameter spaceds= {C1,...,C,,}
the constituents from Definition 6, the action spéeés [0, 1], the set of all vectorp of
possible conditional forecasts fek,, ..., A, given By, ..., B, respectively, and the loss
function is the total score. A randomized forecagt Bayes in problemd if there exists a
probability distributiong = (¢, . . ., ¢») over® such thaty minimizes the expected loss,
ie.,

(5) Z%d —mfij/ 7)9a:(),4:,8: (Pi)0" (dp),

[0 l]n =1
where thenf is over all randomized forecasts.

Some simplification of the expression in (5) is possible. First, use the standard notation for
the loss function of a randomized rule to denote, for each randomized, rule

oty A (6) = /[ et s (0)3p)
0,1]™
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Next, let R be the probability that extendgto the algebra of events generated@y In
particular

R(AiNB) =Y a;(j)bi(j)g;, and R(AY N B;) =Y [1—a;(j)]bi(j)g;.
7j=1

j=1

Then (5) becomes

(6) > {R(AiN Bi)gi,a,5.(8) + RIAT N By)go.a,,5,(0) }

i=1

= inf > {R(AiN Bi)g1a,5.(6%) + R(AS 0 Bi)go.a, 5,(07)}
=1
a more familiar formula indicating that minimizes the expected total score. dlis the
nonrandomized forecagt then (6) becomes

(7) Z {R(AZ N Bi)gl,AmBi (pl) + R(Azc N Bi)go,Ai7Bi (pl>}

=1

— 111f Z{RA ﬂB)glAB(%)—I—R(ACQB)Q()AB((]Z)}.
The reader should note that Definition 9 assumes that the scoring rule used to score the
conditional forecast ofA given B is the same every time thatl, B) appears in a finite
subcollectionA.

3.2. Equivalence of Definitions of CoherencBecause we deal with arbitrarily sized
collections of forecasts, we want to be able to classify each such collection as Bayes or not
in a manner similar to how an arbitrary collection of previsions is classified as coherent or
not.

DEFINITION 10. (BAYES FORECASTY Suppose that an agent must produce a condi-
tional forecast forA given B for each pair of event&A, B) in the collectionC. Suppose
that, for each(A, B) € C, the conditional forecast fad given B is scored by a proper
scoring rule(go 4.5, 91.4.5). We say that a randomized forecass weakly Bayesf, for
every finite subcollectiol = {(A4, By), ..., (A, B,)} C C, ¢ is Bayes in problemd. A
weakly Bayes forecastis strongly Bayed there exists a finitely additive probabiliti on
(€2,29) that satisfies

Z {R(Al N Bi>gl,Ai,Bi(6) + R(Azc N Bi)go,AmBi((S)}
=1

> {R(A:i N Bi)gra, 5, (R(Ai| B)) + R(AY N By)go.a,.5.(R(Ai|B))}

i=1

for every finite subcollectiotd.



Weakly Bayes forecasts turn out to be the ones that are coherent

LEMMA 1. If a collection of forecasts is weakly Bayes, then the forecasts in no finite
subcollection are strictly dominated.

The proof of Lemma 1 and the proofs of all other results stated in this section, appear in
Section 5.

Table 1 summarizes our results about the existence of dominating forecasts depending
on what we assume about the scoring rules.

TABLE 1
Summary of assumptions and conclusions of results providing dominating or equivalent
forecasts. The first three results comprise Theorem 2 and assume that a collection of fore-
casts is given that is not weakly Bayes. The fourth result is Theorem 3 and assumes that a
collection of weakly Bayes forecasts is given.

Conclusions Assumptions Examples to Justify
Assumptions
A possibly randomized forecastAll scoring rules satisfy Assump-Example 1 and
weakly dominates. tion 1 and all merely proper scor-Lemma 3.
ing rules satisfy Assumptions 2
and 3.
A possibly randomized forecastAll scoring rules satisfy Assump-Example 2.
strictly dominates. tions 1-3.
A coherent forecast strictly domj-All scoring rules are continuousExample 4.
nates and satisfy Assumptions 1 and 3.
A coherent forecast with the sam@e\ll scoring rules are continuousExample 5.
total scores. and satisfy Assumption 1.

Lemma 1 together with the results in the second and third rows of Table 1 allow us to
derive the following two results:

COROLLARY 1. Assume that all scoring rules satisfy Assumptions 1-3 and that ran-
domized forecasts are allowed. Then a collection of forecasts is weakly Bayes if and only
if it is coherent.

COROLLARY 2. Assume that all scoring rules satisfy Assumptions 1 and 3 and are
continuous. Also assume that only nonrandomized forecasts are allowed. Then a collection
of forecasts is weakly Bayes if and only if it is cohegent

What remains, to establish Theorem 1, is to show that weakly Bayes is equivalent to
coherent. Our result assumes that all scoring rules are strictly proper.
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LEMMA 2. Assume that all scoring rules satisfy Assumption 1. A cohgeweit of
forecasts is strongly Bayes. If all of the scoring rules are strictly proper, every collection of
weakly Bayes forecasts is coherent

3.3. Weak and Strict Dominance in General.lheorem 2 is our general result contain-
ing conditions for the existence of dominating forecasts of various sorts when the initial
forecasts are not weakly Bayes. Theorem 3 gives conditions for the existence of a set of
coherent forecasts with the same total scores when the initial set of forecasts is weakly
Bayes. The various conclusions of these theorems are listed here:

1. There exists a finite subcollectidiiA,, By), ..., (A,, B,)} € C whose forecasts
P(A{|By), ..., P(A,|B,) are not weakly Bayes, and for every such subcollection
there exists a possibly randomized forecast that weakly domirdatds|B,), . . .,
P(A,|By).

2. There exists a finite subcollectiqiA;, By),. .., (A4,, B,)} C C whose forecasts
P(A{|By), ..., P(A,|B,) are not weakly Bayes, and for every such subcollection
there exists a possibly randomized forecast that strictly dominates|B,), . ..,
P(A,|By).

3. There exists a finite subcollectidi4,, By), ..., (A, B,)} C C whose forecasts
P(A|By), ..., P(A,|B,) are not weakly Bayes, and for every such subcollection
there exists a coherent forecast that strictly domin&tes, | B, ), ..., P(A,|B,).

4. There exists a coherent collection of forecasts that has the same total scores as
{P(A|B) : (A, B) € C} for every finite subcollectiof (A;, By), ..., (A, B,)} C
C.

We refer to each of these as Conclusidar i = 1, 2, 3, 4 in the remainder of the paper.

THEOREM 2. Suppose that an agent must provide a conditional forecast for each pair
of events in the collectiofi. Suppose that the agent chooses forecasts that are not weakly
Bayes in the sense of Definition 10. Assume that all of the proper scoring rules (mentioned
in Definition 10) satisfy Assumptions 1 and 3 and that all of the merely proper scoring
rules satisfy Assumption 2. Then Conclusion 1 holds. If, in addition, Assumption 2 holds
for every scoring rule, then Conclusion 2 holds. If, in addition, all of the scoring rules are
continuous, then Conclusion 3 holds.

THEOREM 3. Suppose that an agent must provide a conditional forecast for each pair
of events in the collectio. Suppose that the agent chooses forecasts that are weakly
Bayes in the sense of Definition 10. Assume that all of the proper scoring rules (mentioned
in Definition 10) are continuous and satisfy Assumptions 1 and 3. Then Conclusion 4 holds.

The proofs of Theorem 2 and 3 appear in Section 5.
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4. Examples. In this section, we provide results and examples to illustrate why we
make each of the assumptions in our various theorems. The examples involve only marginal
previsions. None of the assumptions that we make is needed solely because we we allow
both conditional and marginal previsions. That is, even if we were to restrict attention
solely to marginal previsions, as Lieb et al. (2007) do, our proofs would still use all of the
assumptions in order to deal with the examples in this section. To simplify notation, we do
not write all of these marginal previsions as conditionafbiinstead, we leave off theé®”
from each prevision in these examples. Similarly, the scoring rule for scoring the prevision
of each eventd is denoted(gg 4, 91,4) instead of(go 4.0, 91.4.0). And the collections of
pairs of events are written as collections of individual events because the second coordinate
of each pair is implicitly.

4.1. Assumption 1.1f scoring rules are allowed to be unbounded both above and below,
one runs the risk of encountering — oo in even the most elementary calculations, such as
total scores. The possibility @b — co also makes the definition of Bayes rule problematic.

Example 1 illustrates that incohererfbrecasts may not be even weakly dominated
without Assumption 1. It also shows how a finite collection of forecasts can be weakly
Bayes without being strongly Bayes.

ExAMPLE 1. LetC = {A;, As} whereA; C A,. Suppose also that none©f = Aj,
Cy = Ay N AY, andCs; = AS is empty. The constituents are théR, C,, andC5. Let
(90,4, (7). 1., (2)) = (2%, (1 = 2)%) and (go.n, (), 1.1, (x)) = (log(x), log(x) + 1/x).
The first is Brier score, while the second is peculiar. To see that the second scoring rule is
strictly proper, note that the expected score (Whef¥,) = p) is

©) (1 - p)log(x) + p [bg(x) ¥ 1] ~ log(x) + £,

The expression in (9) is smooth as a functio:dbr = > 0, and its derivative with respect
toxis1/x—p/z% Forp > 0, the derivative equals 0 if and only:if= p. Also, the second

derivative is—1/z% + 2p/x3, which is positive atr = p, sox = p provides the unique

minimum. Forp = 0, the expression in (9) is also minimized uniquely:at 0.

Now, suppose that an incohereagent assign®(A;) = 1 and P(A,) = 0. The total
scores arel; = oo, dy, = 00, andds = —oo. No forecast can do better tharpo on the
third constituent, so there is no set of forecasts that strictly dominates these incpherent
forecasts. The only way to matchoo on the third constituent is to forecast O fds.

(For a randomized forecast, there must be positive probability of forecastingA3 foNo
matter what one then forecasts fdy, the total scores are now the same as those of the
incoherent forecast. So the incohergrfbrecasts cannot be weakly dominated by another
forecast, coherenor otherwise.

The forecasts in this example are Bayes in prob{ewith respect to a prioR? if and
only if R(C5) = 1. For the subcollectiond = { A, }, the forecasts are Bayes in problein
with respect tar if and only if R(A;) = 1. No prior gives probability 1 to botil; andC;
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as they are disjoint. Hence, although the choiféd;) = 1 and P(A,) = 0 are weakly
Bayes, they are not strongly Bayes.

4.2. Assumption 2.This is the assumption that each branch of the scoring rule is con-
tinuous at the point where it achieves its minimum. Discontinuity at this low end of the
scoring rule can have curious consequences for the existence of dominating forecasts. Ex-
ample 2 illustrates why we distinguish between Conclusions 1 and 2 depending on whether
Assumption 2 holds for all scoring rules.

EXAMPLE 2. LetC = {A;, Ay} with A, = A{. Suppose also that neither;, nor
A, is empty. The constituents at® = A, andCy, = A{. Let (go.,(7),g1.4,(x)) =
(22, (1 — z)?). The other scoring rule ig, 4,(z) = x — log(x) and

(z) = 0 if 2 =0,
90.42\T) =Y 1 Lz if x> 0.

To see that the second scoring rule is strictly proper, note that the expected score (when
Pr(Ay) = p)is

(1—p)(1+2z) + plz —log(z)] if x>0,
00 if x=0andp > 0,
0 if x=0andp = 0.

Clearly, z = 0 minimizes this function if and only ip = 0. If p > 0, the function is
smooth forz > 0 with derivative (with respect to) equal tol — p/z and second derivative
p/x*. The derivative equals 0 if and only:if = p. Also, the second derivative is positive
atz = p, sox = p provides the unique minimum.

Now, suppose that an incoheremigent assign$(A,) = 1/2 and P(A;) = 0. The
total scores aré; = 1/4 andd, = oo. Every randomized forecast that has a score on the
first constituent of less than 1/4, must choose a forecast of Afavith probability greater
than 3/4. Every randomized forecast that assigns positive probability to a O forecdst for
produces a score on the second constituentofSo the incoherent forecasts cannot be
strictly dominated. The forecast¥(A,) = 1 andP’(A;) = 0 weakly dominate.

Example 3 shows that a collection of forecasts can be weakly Bayes without being
strongly Bayes if some merely proper scoring rules fail to satisfy Assumption 2, even when
all scoring rules satisfy Assumption 1. This is why Lemma 10 and Conclusion 1 in Theo-
rem 2 assume that merely proper scoring rules satisfy Assumption 2.

EXAMPLE 3. LetC = {Ay, A1, As, ...} where each eventis nonempty, O A; D - - -
andA, C A; foralli > 0. Suppose that an agent assigns previsions such thaP(4;) <
1 for all 7 but fori > 0, P(A;) | 0. Suppose thalg 4,, g1,4,) is Brier score for ali > 0
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but

0 if =0,
go.a,(T) = 1/4 if0o<z<1/2,

2 if1/2<z<1,

00 if =0,
g1,4,(x) = 1/4 if 0<x<1/2,

(1-2)? if1/2<z<1.

To see that this last scoring rule is proper, argue by cases(ify) = 0, then the expected
score is 0 ifz = 0 and strictly positive otherwise. {f < Pr(A4y) < 1/2, then the expected
score isco if x = 0, 1/4if 0 < x < 1/2, and strictly greater than 1/4 otherwise. If
1/2 < Pr(Ap) = p < 1, then the expected scoreds if x = 0,1/4if 0 < x < 1/2, and

(1 —p)z* + p(1 — x)%if 1/2 < = < 1. The last quantity is uniquely minimized at= p
with a valuep(1 — p) that is strictly less than 1/4.

For every finite subcollectionl of C that does not includd,, the corresponding fore-
casts are Bayes in problesh because they are cohergnt~or each finite subcollection
A that includesA, the corresponding forecasts are still Bayes in prohlgnbecause the
score fromP(Ay) is identical to the score one would get by replacingd,) by any num-
ber strictly between 0 and the smallest of thed;) for A; € A. Hence, the forecasts might
as well be coherentas far as the scores are concerned. So, the collection of forecasts is
weakly Bayes.

However, the entire collection of forecasts is not strongly Bayes. The reason is that
every finitely additive probability? that makes (8) true for all of the finite subcollections
that do not include4, hasR(A,) = 0. But (8) does not hold witlR(A,) = 0 when the
finite subcollection included,.

4.3. Assumption 3.Scoring rules that violate Assumption 3 are pathological as the
following result shows. Lemma 3 characterizes scoring rules that satisfy Assumption 1 but
violate the Assumption 3.

LEMMA 3. Let gy and g; be functions that are bounded below. Assume that either
go(z) or gi(z) is infinite for at least one value of € (0,1). Then(go,91) is a proper
scoring rule if and only if the following conditions hold:

e Fork=0,1, gx(x) is minimized at: = k.
e Forall 0 <z <1,max{go(z),q1(z)} = oc.
Such a scoring rule is not strictly proper.

PROOF The expected score for forecastimgvhen the probability of the event js
equals

(10) (1 =p)go(x) + pgi(x).
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It is now clear that the first condition is necessary and sufficient for (10) to be minimized
atx = pif p € {0,1}. Itis also clear that the second condition is sufficient for (10) to be
minimized atz = p for all p € (0, 1). To see that the second condition is necessary, assume
thatgy(z¢) = oo for somez, € (0, 1). (A similar argument works if; (z;,) = oo for some
x1 € (0,1).) The only way that (10) can be minimizedat= p whenp = x is for (10) to
be infinite for all0 < x < 1. That is, the second condition must hold. Since the expected
score is minimized at alt when0 < p < 1, such scoring rules are not strictly proper.

Notice that the scoring rules in Lemma 3 all have infinite expected score whenever a
forecast is strictly between 0 and 1 and/or the probability of the event is strictly between O
and 1.

4.4. Continuity. Discontinuous scoring rules tend to have risk sets that do not contain
all of the lower boundary. Hence, the admissible rules will not always form a complete
class. That is, there may be inadmissible rules that are dominated only by other inad-
missible rules but not by admissible rules. Example 4 illustrates why we cannot expect a
dominating coherentset of forecasts with discontinuous scoring rules even though there
are other incoherentiominating strategies.

ExXAMPLE 4. Consider the scoring rule

x? if 2 <1/2,
1/2+ 2% ifz>1/2,

/24 (1—x)* ifz<1/2,
gi(r) = {(1—93)2 if 2 > 1/2.

If p € {0,1}, the expected score is clearly minimized uniquely by forecastirg p. If
0 < p < 1, the expected score from forecasting

pl1/2+ (1 —2)2+ (1 —p)a? ifz<1/2
{p(l—x)2+<1—p)(1/2+x2) if 2> 1/2.

If p < 1/2, the first branch has a unique minimumzat= p, the second branch is strictly
increasing and there is a jump up immediately after 1/2, so the expected score is
minimized uniquely at: = p. (If p = 1/2, the jump is of size 0.) Similarly, ip > 1/2,
the second branch has a unique minimum at p, the first branch is strictly decreasing
and there is a jump down immediately after= 1/2, so the expected score is minimized
uniquely atr = p. Hence, the scoring rule is strictly proper.

Next, consider a case with = 2, 4, = A{ with neither event empty. Use the same
scoring rule for both events. There are two constituefts= 4, andC, = A{. Let the
incoherent forecasts be, = 0.6 andp, = 0.7. Thend; = 1.15 andd, = 0.95. A forecast
(r1,r2) is coherentif and only if r; + r, = 1. For each coherenforecast withr; < 1/2,
the score oy is 1 + (1 — r;)? + 73, which is always strictly greater than 1.5. For each
coherent forecast withr; > 1/2, the score or is 1 + r} + (1 — r3)* which is always
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strictly greater than 1.5. For the coherefdrecast; = r, = 0.5, the scores on botf;
and(C; are equal to 1.0. Hence, no coherédiorecast can weakly dominate the incoherent
forecastp; = 0.6 andp, = 0.7. On the other hand, there are other incohgrémtecasts
that dominatép,, p,). For example)| = 0.55 andp), = 0.65 has total scores af, = 1.125
andd;, = 0.925.

Example 5 illustrates why Theorem 3 doesn’t deal with the case in which an incoherent
set of forecasts is Bayes but the scoring rules are not continuous.

EXAMPLE 5. Consider the scoring rule

o) = {xQ if 2 <1/2,

1 ifa>1/2
1/24+(1—x)* ifz<1/2,
g(x) = {0 if > 1/2.

Let0 < p < 1. The expected score for forecastings

{ pl1/2+ (1 —2)2 ]+ (1 —p)z? if x <1/2,
1—p if > 1/2.

This is minimized atr = p for all p. Of course ifp > 1/2, it is minimized at allx > 1/2
also. The scoring rule is merely proper.

Next, consider a case with = 2, A, = A{ with neither event empty. Use the same
scoring rule for both events. There are two constituefits= A; andCs = A?. Let the
incoherent forecasts hg = 0.5 andp, = 0.7. Thend, = 1/4 andd, = 7/4. If the
probability of A, is 1/2, the Bayes rule assigns both events probability 1/2 and the total
scores are both equal to 1. The expected total score is 1, which is the same as the total
expected score of the incohergmbrecasts. Hence, the incoherefdrecasts are Bayes
with all probabilities strictly positive and hence cannot be dominated. In order for forecasts
(r1,72) to have total score equal to 1/4 6 one needs; = 1/2 andr, > 1/2, which is
not coherent

Example 6 illustrates how strongly Bayes forecasts can be weakly dominated if some
merely proper scoring rules are discontinuous.

EXAMPLE 6. Consider the collectiof = {A;, Ay, A3} with A3 = (4; U A,)¢ and
A1 N Ay # (. The constituents ar€;, = A, N Ay, Co = Ay N AY, C3 = A7 N Ay,
andC, = As. The forecasts ar&(A;) = P(As) = P(A3) = 1/2. The scoring rules
(9o0.4;,91.4,) fori = 1,2 are both the following:

0 ifx<1/2,
22 ifx>1/2,

1/2 if 2 < 1/2,
gw) = {(1-@2 it > 1/2.

go(x) =
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To see that this is proper, l6t< p < 1. The expected score for forecastings

p/2 if z <1/2,
{ p(1—2)2+ (1 —p)z? ifz>1/2.

This is minimized at: = p for all p. Of course ifp < 1/2, it is minimized at allx < 1/2
also. The scoring rule is merely proper. L@t 4., g1,4,) be (290,2¢1). The forecasts
are Bayes with respect to every probabilfythat satisfiesk(C,) = 1/2, R(Cy) = 0,
R(C3) = 0, andR(C4) = 1/2. The total scores aré; = 1 for all j. The alternative
forecasts;; = ¢o = g3 = 0 have total scores of, = d; = 1, andd, = d; = 1/2, which
weakly dominate the original strongly Bayes forecasts.

4.5. Conclusion 3. Example 7 illustrates why Theorem 2 has the weak Conclusion 3
rather than the stronger claim that the same set of cohefer@casts dominates every
incoherent subcollection.

EXAMPLE 7. LetC = {Ay, Ay, A3, Ay, A5} Where Ay, A, A3 form a partition ofQ
into three nonempty eventd,, = A; U A, andA; = A, U A3. Suppose that the forecast
for each event is scored using Brier score. Consider the following incohdoeatasts:
P(A;) = 1.0, P(Ay) = 0.3, P(A3) = 1.0, P(A4) = 0.1, andP(As5) = 0.1. The subcol-
lection{ A3, A,} is not Bayes. The constituents &'e = A, andC, = A3 with total scores
of d; = 1.81 andd; = 0.01. Every set of forecasts that dominates these must assign proba-
bility less than 0.1 tod,. The subcollectioq A, A5} is also incoherent The constituents
now areB; = A; and B, = A; with total scores ofl} = 0.01 andd, = 1.81. Every set
of forecasts that dominates these must assign probability less thanA; 1lfa single set
of forecasts were to dominate both of the two finite subcollections above, it would have to
assign probability less than 0.1 to eachdgfand A5. But A,U A5 = €2, hence no coherent
set of forecasts can dominate both of the incohegrsmbcollections above.

5. Proofs of Results.

5.1. Some General Results About Scoring Rul8sme of our results rely on an under-
standing of the structure of general scoring rules. We make us of the following two results
from Schervish (1989).

THEOREM4. (SCHERVISH (1989, THEOREM4.2)) Let (g0, g1) be a left-continuous
scoring rule that satisfies Assumptions 1-3 and suchgfia doesn’t jump tax atx = 0.
The scoring rule is proper if and only if there exists-dinite measure\ on [0, 1) such that
forall =
(11) gi(x) = /[ )(1 —q)A(dg), and go(z) = /[ )qk(dq)-

;1;71 0,.”13
The scoring rule is strictly proper if and only if, in addition,gives positive measure to
every nondegenerate interval.
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LEMMA 4. (SCHERVISH (1989, LEMMA A.2)) Let(go,91) be a proper scoring rule.
Let0 < p <1, and considern,(x) = pgi(z) + (1 — p)go(x) as a function of: for fixedp.
If g1 and g, are bounded in a neighborhood pfthenm,, is continuous at = p.

We also need a few additional general results about scoring rules.

LEMMA 5. Suppose that a left-continuous merely proper scoring fwleg, ) satisfies
Assumptions 1-3. Lét < p < 1, and suppose that = p’ # p also minimizeg1 —
p)9o(z) + pg1(z). Then, bothy, and g, are constant on the open interval frgmo p'. If g,
and g, are continuous, then they are constant on the closed interval frtomp’.

PROOF Assume thap’ > p. The other case is similar. By (11), we have
(12)  pgi(p) + (1 = p)go(p) — [pg1(p) + (1 — p)go(p)] = /[ )(p’ — q)A(dg).
p,p’

Sincep’ — ¢ > 0 for ¢ € (p,p’), the fact that the left-hand side of (12) equals O implies
that A\((p,p’)) = 0. From the representation in Theorem 4, we see that hptmd ¢,

are constant on each interval to whighassigns 0 mass. In the continuous case, all such
intervals are closed.]

LEMMA 6. Let(go, g1) be a (strictly) proper scoring rule that satisfies Assumption 3.
For each0 < = < 1, defineh;(x) = lim,;, ¢;(y). Then(hg, hy) is (strictly) proper.

PROOF Letm,(z) be as in Lemma 4, and defidg(z) = phi(z) + (1 — p)ho(x). If
there were an: € (0,1) at which one ofg, or g, were discontinuous, but not the other,
thenm, would be discontinous at, which contradicts Lemma 4. It follows that and g,
are discontinuous at the same set of pointQirl). From the definition ofh, ;) we see
that all four functionsyy, g1, ho, h1 Share the same set of discontinuties. LLet p < 1 be
a discontinuity point of go, g1) (if any). Then by Lemma 4,

phi(p) + (1 —p)ho(p) = pli%lgl(fv) +(1—p) liﬂ.} go(w) = gg}[pgl(ﬂi) + (1= p)go(x)
= pgi(p) + (1 = p)go(p).

Hence,/,(p) = m,(p) forall 0 < p < 1. Forp € {0,1}, we also have,(p) = m,(p),
becausegy; = h; at both endpoints for= 0, 1. Forz # p andx € {0, 1}, we have

(13)  phi(p) + (1 = p)ho(p) = pgi(p) + (1 — p)go(p) < pgi(x) + (1 — p)go(z).

Forx # pand0 < z < 1, we have
(14) pha(p) + (1 = p)ho(p) < gg[pgl(y) + (1= p)go(y)] = pha(x) + (1 — p)ho(z).

Toghether (13) and (14) imply thék,, h;) is proper. If(go, g1) is strictly proper, then the
inequality is strict in (13). Assume by way of contradiction that the inequality is equality
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in (14). Apply Lemma 5 tqhg, h1) to conclude that, andh; are both flat on the open
interval betweerp andz. Theorem 4 implies that, andh; are monotone, so they have
at most countably many discontinuities. Hengeand g; have at most countably many
discontinuities andy, and g, are also both flat on the interval betwegrand xz. This
contradicts the fact thdy, g;) is strictly proper.]

Lemma 7 extends one direction of Theorem 4 to general scoring rules.

LEMMA 7. Let(go, g1) be a proper scoring rule that satisfies Assumptions 1-3. Then
there exists a-finite measure\ on [0, 1) such that for all continuity points € (0, 1)

g1(2) = /( =0, and )= / aA(dg).

(0,2)

PROOF. Let (g9, 1) be a proper scoring rule, and create the left-continuous proper
scoring rule(hg, hy) in Lemma 6. First, assume that(x) does not jump tao atz = 0.
Note thatg;(x) = h;(z) for all continuity pointsz and: = 0,1. The conclusion now
follows from Theorem 4 applied tGhg, hy). Finally, if ¢;(x) jumps tooo atx = 0, let
hi(0) = lim, o ¢1(x) and leth}(z) = h;(z) for all otheri andz. If we can show that
(hg, hYy) is proper, the above reasoning will finish the proof. The only way thgth’)
could fail to be proper is if there exists> 0 such thaph (0) + (1 — p)hy(0) < ph}(p) +
(1 — p)hi(p). But, bothhy andh) are continuous at 0, hence this inequality would imply
thatph,(x) + (1 —p)ho(x) < phi(p) + (1 —p)ho(p) for somed < = < p which contradicts
(ho, h1) being properd

LEMMA 8. Suppose thalg, g1) is a proper scoring rule that satisfies Assumptions 1—
3. Definem(p) = (1 — p)go(p) + pg1(p). Then
lim m(p) = lim m(p) = 0.
p—0 p—1
PROOF We prove the limit at 0, as the limit at 1 is similar. Singgp) goes to 0, we
need only prove thatg; (p) goes to 0. Suppose, to the contrary, that it does not go to 0. For
0 < p < 1, m(p) is the pointwise minimum of a collection of linear functions and hence
is concave and continuous on the open interval. It follows linat ., pg; (p) exists. Let
the limit bec > 0. From Lemma 7, for every continuity poiptof g, and every continuity
pointt € (p, 1),

pgi(p) = p/( t)(l — @)A\dq) + pa:(t).

Hence, for every continuity pointe (0, 1), limpﬁopf(pit)(l—q)A(dq) = c. Let{p,}°°, be
a sequence of continuity points @f that converges to 0. In the integral above,q > 1—t
for all ¢ € (p,t), hence for every continuity poirite (0,1), p,A((pn,t)) eventually gets
larger than:/2. Lett > 0 be a continuity point small enough so tlygtt) < ¢/3. It follows
from Lemma 7 that, for all but finitely many,
S0 [ o) 2 pA(pnt) >
3 (Pnst)

)

N O

a contradictiond
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5.2. Equivalence of Definitions of Coherencn this section, we prove Lemma 1 and
Lemma 2.

PROOF OFLEMMA 1. Let A = {(Ay, By),..., (A, B,)} be a finite subcollection,
and letpy, ..., p, be the conditional forecasts. The left-hand side of (7) and the left-hand
side of (8) are the expected total score under the proballityf the forecasts in this
subcollection were strictly dominated, then the dominating forecasts would have strictly
smaller score for every. Since there are only finitely many different total scores, the
expected total score, would be strictly smaller for every finitely additive probability, hence
the dominated forecasts could not satisfy (6) and they could not satisfy (8) and hence they
would not be weakly Bayes.]

The proof of Lemma 2 is broken into a series of intermediate results.

LEMMA 9. Suppose that (8) holds and that the right-hand side of (8) is finite. Then for
eachi =1,...,n,

R(Al N Bi)QLAi,Bi((;) + R(Azc N Bi)go,Ai7qu(6>
(15) = R(Ai N B))gi,a,5,(R(Ai| Bi)) + R(AT 1 Bi)go,a, 5, (R(Ai| By)).

PROOF If R(B;) = 0, the result is trivial. So assume th&tB;) > 0. Because the
scoring rule is proper, we know that for each

R<Ai|Bi>gl,Ai,Bi(6) + [1 - R(Al|Bl)]gﬂ,Az,Bz(6)
> R(Ai|Bi)g1,a;,8,(R(Ai| Bi)) + [1 — R(Ai| Bi)]go,a,(R(Ai] Bi)).

If the inequality above were strict for somevith R(B;) > 0, then the left-hand side of (8)
would be strictly larger than the right-hand side of (8).

LEMMA 10. Assume that all scoring rules satisfy Assumption 1 and that all merely
proper scoring rules satisfy Assumptions 2 and 3. If a collection of forecasts is weakly
Bayes, then it is strongly Bayes.

PROOF For every finite subcollection af, there exists a finitely additive probability
R such that (8) holds. We show that there isRrthat works for all finite subsets. Let
A = {(A1, By),...,(An, B,)} be an arbitrary finite subcollection 6f LetP, = {R :
(8) holds;. We would like to show first thaP, is closed in the topology of pointwise
convergence, which is also the product topology on the function spae€0, 1]2(Z which
includes all finitely additive probabilities of2. All strictly proper scoring rules satisfy
Assumption 3. Assumptions 1 and 3 guarantee that the right-hand side of (8) is always
finite. Lemma 9 then says that for eaghe P4 and each, (15) holds. HenceP, =
M1 Pya,,B.)y- Next, we write eactPy 4, 5,); as the inverse image of a closed set under a
continuous function. For each ¢ 2%, the coordinate projection functiofy : P — [0, 1],
defined byfa(R) = R(A), is continuous. For eachdefine the function

Ciler, es) = { 3191,,41-,131- (eli}@) + €290,4,,B; (eli}@) if e; +ey >0,

otherwise,
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for 0 < ey, ey < 1. We can write

Piansy = (fanss, facan,) ™ (Di),

where

(16) DZ = {(61, 62) . 61917,41.732.(5) + 62907,41.7Bi(5) = Ei(el, 62), andal + €9 S 1}

If D; is closed, then so i®4, 5,);- The argument thab; is closed differs depending on
whether or not the scoring rulgpo 4, 5, , 91,4, 5;) IS strictly proper. If the scoring rule is
strictly proper, then thé&h coordinate of the randomized forecastust be nonrandomized
since only nonrandomized rules can be weakly Bayes with strictly proper scoring rules.
Let theo assign probability 1 to théth coordinate being. In this caseD; = {(e1,es) :
e1(1 — p) = eap}, which is a closed set.

If the scoring rule is merely proper, we argue as follows. Sibgés a subset of R
it is closed if it contains the limit of every convergent sequence. {let,,, e2,,)}5>, be
a convergent sequence in. Let the limit be(e; o, e29). We need to consider two cases.
First, if e1 o + €29 = 0, then(ey o, e2) € D; trivially. For the rest of this part of the proof,
assume that; o + ezo > 0. Defineh(e;,es) = e1/(e1 + e3), and letr,, = h(eyn,e2,)
forn = 0,1,.... Thenh is continuous ate; o, e2) andr,, converges te,. We can write
li(e, e2) = (e1+e2)(7 (h(ey, e2)), whereli (r) = rgy a,p,(r) + (1 = )go,,5,(r). ra = 1o
for all n and(ey 9, €20) € D;. Lemma 8 establishes that eathis continuous on the closed
interval [0, 1]. So,¢; is continuous ate; o, e29) Which is then inD;. Hence,D; is closed
and so isPy(4,,5,);- It follows that eachP 4 is closed.

Finally, we show that the intersection of &l is nonempty. It is easy to see thatif
is a finite subcollection such th& C A, thenP 4 C Pg. It follows that the collection of
all P4 has the finite intersection property. Because the set of finitely additive probabilities
is compact in the product topology, it follows that the intersection ofallis nonempty.
That is, there is at least one finitely additive probabilitysuch that (8) holds for all finite
subcollections. Hence the forecasts are strongly Bayes.

The connection between coherefdrecasts and strongly Bayes forecasts needed for
Lemma 2 relies on the ability to extend a collection of cohgrg@mévisions into a lin-
ear functional on a linear space. The next two theorems extend de Finetti’'s fundamental
theorem of prevision (de Finetti, 1974, Section 3.10) to deal explicitly with conditional pre-
visions. We state and prove these results and their corollary for bounded random variables
rather than merely for indicators of events, even though the latter is all that we need in this
paper.

THEOREMS5. (FUNDAMENTAL THEOREM OFPREVISION) LetC be a set of pairs where
the first element of each pair is a bounded random variable and the second is a nonempty
event. For eachi X, B) € C, let P(X|B) be a conditional prevision. Assume that the con-
ditional previsions are coherentLet(X,2) ¢ C. Then there exists a closed interyald|
such thatP(X|Q2) = z is coherent with all the other conditional previsions if and only if
c<zx<d.
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PrROOF Define the linear space

= {Zai[Bi[Xi — P(Xy|B)]+ f:(X;,B;)) € Canda; € Rfori=1,...,nandf € R}.
(17) =1

For eachY € ) expressed as in (17), |ét(Y) = f. The coherengeof the previsions
makes it clear thaf. is well defined. (If the samé&  could be expressed two different
ways with different values of, then book could be made by trading the two different
representations df against each other.) It is also easy to see theta linear functional
defined ony. Define the following two sets

= {YeY:vy <l
= {Yey:v>I}

ol [

Setc = supyp L(Y) andd = infy 5 L(Y"). For the “if” direction, suppose that< z <
d. Suppose, to the contrary, that there exist, B,), ..., (X,, B,) in C and real numbers
ag,...,a, andg # 0 ande > 0 such that

(18) BIe —x) + Y oulp[X; — P(Xi|By)] < —

i=1

If 3 > 0, then (18) implies
(19) Ic<x——+Z—]B [X; — P(X;|B))].

The right side of (19) is an element &f, henced < x» — < which contradictsr < d.
Similarly, if 3 < 0, we arrive at a contradiction to < z. For the “only if” direction,
suppose thaP(C'|2) = z is coherentwith the other previsions. Suppose, to the contrary,
thatz < c. LetY = >"  «a;Ip[X; — P(X;|B;)] + f € P be such that” < I and

f > (c+ x)/2. The following gambles make book against these previsions:

—C

< 0.
2

—(e—2)+ (Y —f)<z—f<Z
Similarly, if z > d we can find & € P that allows us to make booK]

THEOREM 6. (FUNDAMENTAL THEOREM OFCONDITIONAL PREVISION) LetC be a
set of pairs where the first element of each pair is a bounded random variable and the sec-
ond is a nonempty event. For eatN, B) € C, let P(X|B) be a conditional prevision.
Assume that the conditional previsions are cohearebet (X, D) ¢ C with D # (). Then
there exists a set of real numbers such thd@t(X|D) = z is coherent with all the other
conditional previsions if and only if € F.
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PROOF First, suppose that botlX', ) and(X I, 2) are inC. de Finetti (1974) proves
that a necessary and sufficient condition fofX|D) to be coherentis P(X1p|Q2) =
P(X|D)P(D|Q). If P(D|Q2) > 0,thenE = {P(XIp|Q?)/P(D|Q)}. If P(D|Q) =0, then
E = R. Next, suppose thatD, 2) € C but(X1p,Q2) € C. If P(D|Q2) =0, thenE = R.
If P(D|Q2) # 0, apply Theorem 5 to find an intervgl d] of possible coherentvalues for
P(XIp|Q). ThenE = {z/P(D|Q) : ¢ < x < d}. Next, assume thatD,2) ¢ C but
(X1p,Q2) € C. Apply Theorem 5 to find an intervédt, d] of possible cohereptalues for
P(D|Q). If c =0,thenE = R. If ¢ > 0, thenE = {P(XIp|Q)/x : ¢ <z < d}. Finally,
assume that neitheD, 2) nor (X1p,2) is in C. Apply Theorem 5 to find an interval
[c1, dy] of possible coherentvalues of P(D|?). For eachr € [¢y,d,], apply the argument
above for the case in whichD, ) € C but (X1p,Q) ¢ C to find a setF, of possible
coherentvalues of P(X|D). ThenE = U,¢pe, 4,1 £z O

COROLLARY 3. Let(C; and(C, be two disjoint sets of pairs where the first element of
each pair is a bounded random variable and the second is a nonempty event. For each
(X, B) € Cy, let P(X|B) be a conditional prevision. Assume that the conditional previ-
sions are coherent For each(X, B) € C,, there exists a conditional previsiai(X|B)
such that{ P(X|B) : (X, B) € C; UC,} are coherent

PrOOFE Use Zermello’s lemma to well-order the element£af Let D be the corre-
sponding set of ordinals. We use transfinite induction to finish the proof. For each successor
ordinala € D, apply Theorem 6 to find a conditional previsig.X, | B, ) that is coherent
with all earlier previsions. For each limit ordindle D, itis easy to see that the previsions
{P(X4|B,) : @ < f}U{P(X|B) : (X,B) € C;} are coherentbecause every finite
subcollection was verified as cohergat an earlier stage in the inductidn.

LEMMA 11. LetC be a collection of pairs of events. A collection of conditional previ-
sions{ P(A|B) : (A, B) € C} is coherentif and only if there exists a finitely additive prob-
ability R on (Q, 2% that agrees with? onC in the following sense: For ead, B) € C,
R(B)P(A|B) = R(AN B).

PROOF For the “if” part, assume that such &exists. Letd = {(A,, B1),..., (A, B,)}

C C be a finite subcollection. It is trivial to extend to a positive linear functional. on
the linear sparf of constants and the indicatafs,~5, andip, fori =1,...,n by

L <c + ailann + Y biIBi) =c+ > aR(ANB)+ Y bR(B).
=1 =1 =1 =1
Suppose, to the contrary that there exist. . . , a,, ande > 0 such that

i=1
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Note thatX in (20) is an element of . Becauser agrees with the conditional previsions,
X equals

i=1

It follows from (21) thatZ(X) = 0, but (20) implies that.(X) < —e, a contradiction.
Hence, no book can be made and the conditional previsions are cqhédfenthe “only
if” part, assume that the conditional previsions are coherekitend the collection of
conditional previsions to include all paif®3,2) and (A N B, ) for each(A, B) € C
using Corollary 3. Leil’ be the linear span of all constants and indicafarg; and/ for
(A,B) € C. On/L/, define

r (C —+ Xn: ai[AmBi + Zn: bz[Bl> =c+ Xn:azP(Az N BAQ) + Zn: blP(Bz‘Q)
=1 =1 =1

i=1

Note thatl’ satisfiesL’(X) < ||X|| andL/(1) = 1. According to the Hahn-Banach
theorem,L’ can be extended to a linear functional on the linear span of all indicators of
subsets of). This extension, when restricted to the indicators of events, is a finitely additive
probability i that agrees withP onC. [J

PROOF OFLEMMA 2. Let{P(A|B) : (A, B) € C} be a collection of conditional
forecasts. To prove the first claim, assume that the forecasts are cohdrenf? be as
in Lemma 11. To prove the second claim, assume that all of the scoring rules are strictly
proper and that the forecasts are weakly Bayes. Since all strictly proper scoring rules satisfy
Assumption 3, the forecasts are strongly Bayes by Lemma 1QR betas in Definition 10,
and let{(A, By),..., (A, B,)} C C be a finite subcollection. The right-hand side of (8)
is always finite. Lemma 9 says that (15) holds forza# 1,...,n. Because the scoring
rules are strictly prope?(A;|B;) = R(A;|B;) for all i such thatk(B;) > 0. Since this is
true for every finite subsel; agrees withP on all of C. Lemma 11 completes the proail

5.3. Theorem 3. We have enough assumptions to apply Lemma 10 so that the forecasts
are strongly Bayes. LeR be as in Definition 10. Le{(A;, By),...,(A,,B,)} € C
be a finite subcollection. We can also apply Lemma 9. For eéatith thatP(A;|B;) #
R(A;|B;) (if there are any), apply Lemma5tgy 4,, g1 4,) to conclude thagy, 4, (P(A;)) =
gr.a,(R(A;)) for k = 0,1. For alli such thatP(A;) = R(A;) (if there are any) we already
haveg, 4,(P(A;)) = gr.a,(R(4;)) for k = 0, 1. Since the finite subcollection was arbitrary,
Conclusion 4 now follows.

5.4. Theorem 2 and its corollaries.The proof of Theorem 2 relies on a general re-
sult from decision theory, a strengthening of the standard minimax theorem based on a
construction of Pearce (1984).
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DEFINITION 11. (LOWERBOUNDARY) Let Q) = {6,,...,0,,} be a finite parameter
space and let be an action space. Tlsk seis

R = {(R(CY,9),...,R(Cy,,0)) : 0 is arandomized rule
Thelower boundaryof the risk set is
O, ={(x1,...,2,) € R:y; < x,; foralli andy; < x; for somei implies (yy, ..., ym) € R}.
The risk set ilosed from belovif 97, C R.

THEOREM7. Let© = {6,,...,0,,} be a finite parameter space. Ldtbe an action
space. Letl : ©® x A — R be aloss function that is bounded below. bLgtc A be an
action that is not Bayes for even a single prior distribution and such {8}, ay) < oo
for all j. Then, there exists a randomized rule that strictly dominagesf the risk set for
the decision problem is closed from below, then there is a dominating rule that is a Bayes
rule with respect to some prior.

PrROOF ReplacelL by L'(0;,a) = L(0;,a) — L(6;,a0). ThenL’ is still bounded below

and the risk set is closed from below if and only if the original risk set was closed from
below. The risk function of a randomized rules

R(9375):[4L,(9],G)6(da>

The Bayes risk o with respect to a prios = (s1,...,Sy,) IS

Zs] (6;,0).

The minimax theorem (for example, Theorem 3.77 of Schervish, 1995) says that the deci-
sion problem has a least favorable distributior- (u,, . .., u,,) and a minimax value

irélf sup R(6;,96) = irgfr(u, J).
J

By construction, the nonrandomized rulgis an equalizer witll'(0;, ay) = 0 for eachj.
Sinceq is not a Bayes rule with respect to the least favorable distribution, its expected loss
(namely 0) is strictly greater than the minimax value. Hence, there exists @ sutsh that
R(0;,6) < 0forall j, and so

/ L(0;,a)0(da) < L(0},a0), forall j.
A
This completes the proof of the first claim.
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If the risk set is closed from below, it follows from Theorem 3.77 of Schervish (1995)
that there is a minimax rul& that is also a Bayes rule with respecttol’]

The proof of Theorem 2 begins by noting that we have enough assumptions to apply
Lemma 10, hence there is a finite subcollectidn ..., A,, such that (8) fails for every
finitely additive probabilityR. Letp, = P(A;|B;) fori = 1,...,n, and letCy,...,C,,
be the distinct nonempty constituents from Definition 6. dgt . ., d,, be the total scores
from Definition 7.

The remainder of the proof is split into three cases depending on whether the set

J={j:dj =00}
and/or its complement is empty. Together Lemmas 12, 13, and 14 establish Theorem 2.

LEMMA 12. Under the conditions of Theorem 2,.f= (), the conclusions to Theo-
rem 2 hold.

PrROOF Construct problemd as in Definition 9. The loss function (and risk function)
is

L<Cj7 q) = Z bi(j)gai(j)7Ai(Qi)'
=1

The actionp = (py, ..., p,) € O is not Bayes. Apply Theorem 7 to achieve Conclusion 2,
which implies Conclusion 1.

If, in addition, all of the scoring rules are continuous, then the risk set is closed from
below. Apply the last part of Theorem 7 to obtain a dominating fylehat is also a
Bayes rule with respect to a priar = (uq,...,u,,). Sincew is a probability vector, it
corresponds to an essentially unique set of foreqasts. . , r,,) wherer; is the conditional
probability of A; given B; inferred from the probabilities of the constituents. Specifically,
R(B;) =37, bi(j)u; and

L { RAOB) it R(B;) > 0,

R(B;)

arbitrary if R(B;) = 0.

The Bayes risk ob is
it S0 | 3 gnm(a)6(da)
j=1 i=1

= iyt [ SR a) + (= o, )}

Each summand inside the integral can be minimized separatejy byr;, henced, has

the same Bayes risk as the nonrandomized rute (ry,...,r,). So, we assume thag

is the nonrandomized rule. The risk function for this dominating nonrandomized rule is
Y i1 0i(5)9aij),a,,8: (i) < dj for eachj. Hence we have Conclusion Bl
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LEMMA 13. Under the conditions of Theorem 2if = (), the conclusions to Theo-
rem 2 hold.

PROOF Lets; = --- = s, = 1/m, and define, for = 1,...,n, Q(4; N B;) =
Yoy ai(5)bi(5)s; andQ(AT N B;) = >0 [1 — a,]bi(5)s;, SO thatQ(B;) = -7, bi(j)s;-

Then
Q(A;NB; :
Gn = (Q(_Bi) : IT Q(BZ) >0,
arbitrary ifQ(B;) = 0.

Becausey, . . ., g, correspond to a probability, they are coherexunditional forecasts and
they have finite total scores in all constituents. Hence, Conclusion 3 holds, which implies
Conclusions 1 and 2]

LEMMA 14. Under the conditions of Theorem 2, if neithérnor J¢ is empty, the
conclusions to Theorem 2 hold.

PROOF Because the scoring rules are all finite except possibly at the endpoints, the
only way to get an infinite score is for one of the eveAfdo get an extreme forecast that
is not always correct. That is, eithgr = 0 but A; # () or p; = 1 but A; # B;. (And, of
course, the scoring rule corresponding 1, B;) has to be unbounded at the appropriate
endpoint.) Define

I = {’L . either (qLszBi (pz) = 00 andAl‘ 7é @) or (_907141.731.(]?2‘) = 00 andA,» 7é Bz)}

Because/ # (), it follows that/ = (). For eachi € I¢ (if any), let (ho 4, B, h1.a, B,) =
(90.4:.B:, 91.4,.8;)- For eachi € I, replace(go 4, B,, 91,4, 5;) Dy Brier score(hg , p,(x),
hia, B(z)) = (2% (1 — 2)?). In the remainder of the proof, when we wish to refer to
scores under the original scoring rules, we call them thecores”. When we wish to refer
to scores under the modified scoring rules, we call them khecores”.

Next, we show that the original forecagts= (ps, . .., p,) are not weakly Bayes under
the h-scores. Suppose, to the contrary, that they are weakly Bayes undestioees. We
have enough assumptions to apply Lemma 10 so that the forecasts are strongly Bayes under
the h-scores. Let? be as in Definition 10, and let ; = R(A; N B;), ro; = R(AY N By),
andn = 7”1’1‘/(7"1’1‘ +T2,i) fori = 1,...,n. (lf r;+re; = 0 for somei, thenTLi/(TLi —I—T’Q’Z‘)
should be interpreted as some arbitrary numbef.it|.) For eachi = 1,...,n, z = p;
must minimizer, ;hy 4,(x) + r2,:ho 4,(x). Because thé-scoring rules are strictly proper
fori € I, we must have,; = r; for all ; € I such that, ; + 5, > 0. Because all of the;
for i € I are extreme, it follows that, ;hy 4,(pi) + 72.:h0.4,(p;) = 0 for eachi € I. The
expected totak-score forp is then

Z r1ihi a5 (Pi) + T2iho A, B (Pi) = Z r1,i91,4,,8: (Pi) + 72,190,4,,5, (Pi)

i€IC i€IC

(22) = Z 1i91,4;,8,(T4) + T2i90,4,.B,(T4),

i€’
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where the last equality follows from the fact thatfor i = 1,...,n also minimize the
expecteds-scores. Becaugeis not weakly Bayes under thescores, it must be that

n

Z 191,48 (Pi) + 72,190,4,,8,(pi) > Z 191,48, (Ti) + T2:i90.4,,B; (T3)-
i=1 =1

Because the, = r; for i € [ are extreme, they contribute O to the total expegiasdore.
Hence,

Z T1i91,4,,8;(Di) + 72,i90,A;,B; (pi) > Z T1i91,4;,8, (Ti) + 7‘2,1‘90,,41-,31-(7“1')-

i€IC i€IC

This contradicts (22), hengeis not weakly Bayes under thiescores.

Next, apply Lemma 12 to find a (possibly randomized) rutbat dominateg® under
the h-scores. 1fy is a nonrandomized rule = (q1, ..., q,), represent it as a randomized
rule witho({q}) = 1. The totalh-scores fromy and the original forecasts are respectively

= Z/ bi(j)Pa,j).A:,8:(¢:)0(dq), and dj = Zbi(j)hai(j),Ai,Bi(pi) < 00,
i=1 70 i=1

where is the action space in the proof of Lemma 12. ket= minj¢c(d] — d}), the
minimum amount by whicla dominates the original forecasts amongst those constituents
where the originalj-scores are finite. Table 2 summarizes some of what we know about
the g-scores ob and the incoherepforecasts. The reason that= 0 is that all of thep;

TABLE 2
Total g-scores for the incoherenforecasts and the dominating randomized raleThe
g-scores are expressed in terms of thecores when the two agree. The total scores are
split into the contributions from € I and fromi € I¢.

el \ ie ¢
Incoherent forecasts
je€J A= oo B =) bi(j)ga)a.5.(pi)
el
jeJ¢ E=0 F:d;’:dj

Dominating Randomized Rule

jes |c=Y / o2, (@)0(da) | D=3 / V)45, (a:)5(da)

jera=y / Daiir.m (a)5(da) | H =Y /,4 5.(0)8(dq)

for i € I are extreme and they contribute either Osorto each total score. Fgre J¢,
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the total score is finite, hence allfor i € I must contribute 0 to the total score. It follows
that 2 = 0 andF' = d;. The reasom; = d is that theg-scores and-scores are the same
for all i € I¢. In addition, we know thaD < d;.’, henceD < oo. Also, H < F — w.
If we knew thatG < w, then we would know thai weakly dominates the incoherent
forecasts under the-scores. If, in addition, we knew that < oo, then we would know
that ¢ strictly dominates the incohergnfiorecasts under thg-scores. Even if these two
facts are not true, we notice th@tandG depend only on the distribution (und&rof the
ith coordinates ofy for i € I¢. If we change the joint distribution of these coordinates
without affecting the joint distributions of the other coordinates, none of the other numbers
in Table 2 is affected. We proceed now to repladsy another randomized ruféin order
to makeGG < w, and if Assumption 2 holds for all scoring rule&s,< oc.

First, consider the case in which we do not assume that every scoring rule satisfies
Assumption 2. Defing’ as follows. The joint distribution ofg; : i € I¢} is the same as
that of 5. Under¢’, ¢; = p; with probability 1 for all: € I. With this change, we have
C = A=oc0andG = E = 0. Hence, Conclusion 1 holds becadse- H < E + F while
A+ B=C+ D.

Next, assume that Assumption 2 holds for all scoring rules.vLet w/(2n). Under
Assumption 2, eachy, 4, g, () is continuous at: = k andgy 4, 5, (k) = 0 for k = 0, 1. For
eachi and eachk: = 0,1, lett,; ¢ {0,1} be close enough tb so thatgy 4, 5, (tr:) < v.
Let ¢’ be defined as follows. The joint distribution ff; : i € I°} is the same as that 6f
Underd’, ¢; = t,, ; with probability 1 for alli € 1. With this change, we have that < oo
because)’ gives 0 mass to extreme forecasts in the coordinatds ilso, forj ¢ J¢,
G < nmaXier Ga,(j),4,,8: (tp,i;) < nv = w/2. So, Conclusion 2 holds.

Finally, suppose that all of thgscoring rules are continuous. Then all of thecoring
rules are continuous, and all of the randomized rules above are nonrandomized. If the non-
randomized rulg is coherent, the proof is complete. If the forecastg are not coherent
but are weakly Bayes, then Theorem 3 says that there are cohérestasts that have
the same total score in every constituent and hence strictly dompnalieq are neither
coherent nor Bayes, at least they produce finite score in every constituent, and they strictly
dominatepy, ..., p,. Now, apply Lemma 12 tg producing another nonrandomized rule
that is coherentand strictly dominateg and hence strictly dominatgs so that Conclu-
sion 3 holds[J

PROOF OF COROLLARY 1. If the forecasts are cohergnho randomized forecast
dominates the forecasts. The contrapositive of the second part of Theorem 2 says that the
forecasts are weakly Bayes.

If the forecasts are weakly Bayes, Lemma 1 says that the forecasts are cohiérent
PrRoOF OFCOROLLARY 2. If the forecasts are cohergnho nonrandomized forecast
dominates the forecasts. The contrapositive of the third part of Theorem 2 says that the

forecasts are weakly Bayes.
If the forecasts are weakly Bayes, Lemma 1 says that the forecasts are cohieérent
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5.5. Theorem 1. Assume that we have conditional forecasts for the pairs of events in
a collectionC and that the forecast for each péit.B) € C is scored by a strictly proper
scoring rul€(go 4 5, 91,4, 5) that satisfies Assumptions 1 and 2. Every strictly proper scoring
rule satisfies Assumption 3.

For the first claim in Theorem 1, apply Corollary 1 to conclude that the forecasts are
cohereng if and only if they are weakly Bayes. For the second claim, apply Corollary 2 to
conclude that the forecasts are coheyérdnd only if they are weakly Bayes.

For either claim, apply Lemma 2 to conclude that forecasts are weakly Bayes if and
only if they are coherent

6. Discussion. We have given sufficient conditions for a set of incoherent (Defini-
tion 1) forecasts to be weakly or strictly dominated (according to proper scoring rules) by
either a coherentset of forecasts or by something else. Our conditions are not necessary.
On the other hand, for each of our conditions, we have provided an example to show that
the condition cannot be eliminated without replacing it by some other condition that would
rule out the example. For example, the condition in Theorem 2 that all of the merely proper
scoring rules satisfy Assumption 2 is stronger than needed. With some extra work, one
could prove that the only merely proper scoring rules that need to satisfy Assumption 2 are
the ones that are flat either on the interi@ale) or on the interva(l — ¢, 1) for somee > 0.

(See Example 3 to see what can go wrong if Assumption 2 fails for such a scoring rule.)
The basic idea is that, so long as the Bein (16) doesn’t contain a sequence of points
{(e1.n, €2.)}22, With lim,, (€1, + €2,,) > 0 andey ,,/(e1 ., + €2,,) arbitrarily close to one of

the endpoints, the functiofi(r) defined in the proof of Lemma 10 will be continuous at all

r that matter. As another example, the reader will note that our theorems do not make any
assumptions on the types of events being forecast or on the particular not weakly Bayes
forecasts (aside from them not being weakly Bayes). Hence, we find that, in the proof of
Lemma 13, we obtain the strongest Conclusion 3 without assuming continuity of scoring
rules so long as the original forecasts have infinite score in every constituent. Similarly, in
Lemma 12, we obtain Conclusion 2 without assuming that any of our scoring rules satisfy
Assumption 2. It is only in Lemma 14 that we make use of which scoring rules satisfy
Assumption 2. But the distinction between these three lemmas is based on the forecasts
and we wanted the conclusions to Theorem 2 to hold for all forecasts simultaneously.

One somewhat surprising result that we found is the distinction between the conditions
under which Conclusions 1 and 2 hold. Whether or not we can guarantee weak dominance
does not depend on whether or not we are using merely proper scoring rules, but rather
on a continuity property of the strictly proper scoring rules (Assumption 2). Lieb et al.
(2007) claim that, if one uses continuous merely proper scoring rules, one can guarantee
a weakly dominating cohergnset of forecasts. In reality, one gets either a strictly dom-
inating coherentset of forecasts (via the third part of Theorem 2) or a coherssit of
forecasts with identical scores (via Theorem 3). There is no middle ground in which one
can only achieve weakly dominating but not identical scores.

Despite not having a complete characterization of all cases in which each of the four
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conclusions holds, we believe that we have delineated the cases very thoroughly. Our
theorems apply regardless of which events are being forecast, regardless of what forecasts
are given, and regardless of which proper scoring rule is used to score each event (so long
as every scoring rule satisfies the conditions of the relevant theorem).

Our main results are formulated for forecasting events, where events are identified with
their indicator functions. However, we noted in the introduction that de Finetti used Brier
score to establish the equivalence between coherara coherengeof a set of previ-
sions over the class of bounded variables, measurable with respect to some common mea-
surable space. Our Theorems 6 and 7, on which relies the proof of our main result, apply
to bounded random variables and general loss functions, not merely indicators for events.
Thus, we have reason to explore generalizations of our principal results for forecasting
bounded variables with proper scoring rules. The first thing that we would need is a gen-
eral definition of proper scoring rule for bounded random variables. If we are interested
only in scoring previsions, suppose thdtis a bounded random variable amds a pro-
posed prevision. The score could be some functiol, z). We could callg proper if
for every bounded random variable, E[g(X,z)] is minimized byx = P(X). Some
guidance in this direction is provided by Savage (1971). We conjecture that a collection of
previsions for bounded random variables is cohegrégrnd only if it is impossible to find
an alternative collection of possible previsions which lead to uniformly smaller total score.

On a final note, we should say something about the impact of conditional previsions
given events whose probabilities are or could be coherently assigned as 0. For example, if
one assigns only two previsionB(A;|B) = 0.9 and P(Ay|B) = 0.7. Suppose also that
B # QandA; N A, = (. These previsions are cohergbecause no book can be made
against them. Becaude # (2, Theorem 5 allows?(B|2) = 0. However, one might be
uncomfortable giving conditional probabilities (conditional on the same event) to disjoint
events that add up to more than 1. Krauss (1968) and Dubins (1975) show that for every
finitely additive probability there exists a collection of coheraranditional previsions that
also satisfies the axioms of probability conditional on events with O prevision. That is,

P(:|B) is a probability for every3 £ 0,
P(B|B) = 1, foreveryB # 0,
P(ANC|B) = P(C|B)P(A|BNC)forall A, B, andC such thatB N C # .

In this paper, we have not required that conditional previsions satisfy these additional re-
quirements wherP(B|2) = 0 is either stated or allowed (by extension). The reason is
that the equivalence between cohergramed coherengedoes not depend on whether the
additional requirements hold. We conjecture that, if one further restricted the concept of
coherenceto require such additional properties, then one could modify the concept of
coherencgto remain equivalent. The modification would need to prevent strict dominance
on certain events related to those on which various previsions were conditioned.
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