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Abstract

De Finetti introduced the concept of coherent previsions and conditional pre-
visions through a gambling argument and through a parallel argument based
on a quadratic scoring rule. He shows that the two arguments lead to the same
concept of coherence. When dealing with events only, there is a rich class of
scoring rules which might be used in place of the quadratic scoring rule. We
give conditions under which a general strictly proper scoring rule can replace
the quadratic scoring rule while preserving the equivalence of de Finetti’s two
arguments. In proving our results, we present a strengthening of the usual
minimax theorem. We also present generalizations of de Finetti’s fundamental
theorem of prevision to deal with conditional previsions.

1. Introduction. Chapter 3 ofTheory of Probability(de Finetti, 1974, vol. 1) pro-
vides two criteria of coherence for previsions (or probabilistic forecasts) over a set of
bounded random variables. The first criterion is formulated under the assumption that pre-
visions serve as fair prices for buying and/or selling contracts of the formc(X − P (X)).
Here,P (X) is the prevision of the bounded random variableX, andX is defined on the
setΩ whose generic element is denotedω. With c positive, the decision maker will pay the
pricecP (X) and receivecX(ω) units in stateω. With c negative, the decision maker sells
this gamble onX and receives a payment ofcP (X) units. Withc = 0, the decision maker
remains at his status-quo fortune. Furthermore, conditional previsions are also defined as
fair prices for buying and/or selling contracts of the formcIB[X − P (X|B)]. Here,B is
an event andIB is its indicator. The contract has 0 value ifB does not occur. It is easy
to see that, ifB = Ω, P (X|B) has the same operational meaning asP (X). In this way,
previsions are special cases of conditional previsions. We refer to conditional previsions
for whichB = Ω asmarginal previsionswhen the need arises. When we refer to previsions
unqualified, we mean both marginal and conditional previsions.

In order to be able to deal with marginal and conditional previsions simultaneously, we
introduce some notation. Letℵ be an index set, and letX = {(Xα, Bα) : α ∈ ℵ} be a
set of pairs of bounded random variables and events. For eachα ∈ ℵ, Xα is a bounded
real-valued function defined on the setΩ, andBα is a non-empty subset ofΩ. For each
(X,B) ∈ X the decision maker is required to provide a real-valued (conditional) prevision
P (X|B).

DEFINITION 1. (COHERENCE1) A set of previsions isincoherent1 if there exists a fi-
nite subset{α1, . . . , αk} of ℵ and corresponding values{cα1 , . . . , cαk} so that the net payoff
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to the decision maker is uniformly negative in all statesω ∈ Ω. That is, there existsε > 0
such that, for allω ∈ Ω,

k∑
i=1

cαiIBαi [Xαi(ω)− P (Xαi|Bαi)] < −ε.(1)

The set of previsions is calledcoherent1 otherwise. If (1) occurs, we say thatbook has
been madeagainst the decision maker.

Thus, coherence1 is the requirement that the decision maker’s previsions cannot be (uni-
formly) dominated by the status-quo, corresponding to the state of neither buying nor sell-
ing such gambles.

De Finetti had some misgivings about one aspect of this criterion of coherence. As
he explained in de Finetti (1981), he was concerned that, even as an idealization, it failed
to satisfy operational requirements for eliciting the decision maker’s uncertainties over the
pairs inX . The problem he recognized is that the decision makers selection of announced
previsions might reflect her or his anticipation of the opinions of the “opponent,” whose role
in the game is to select the sign and magnitude of the coefficients, thecs, in the gambles.
In this regard, he disliked the strategic aspects that entered into the prevision-game under
the first criterion for coherence.

De Finetti proposed a second criterion of coherence, which he demonstrated is equiv-
alent to the first for classifying sets of previsions as coherent and, since it does not ap-
peal to decisions of an opponent, avoids the concerns with strategic play that affect the
first criterion. The second criterion uses a squared-error loss function to score previ-
sions: L = IB(X − P (X))2. That is, the decision maker suffers a lossL, depend-
ing upon the value ofX and the eventB. The loss given to a finite set of previsions
{P (Xα1|Bα1), . . . , P (Xαk |Bαk)} is the sum of the losses for the individual previsions.

DEFINITION 2. (COHERENCE2) A set of previsions isincoherent2 if for some finite
subset of those previsions there exists an alternative set of previsions that result in a (uni-
formly) smaller loss in all the statesω ∈ Ω. The set of previsions is calledcoherent2
otherwise.

Thus, coherence2 is the requirement that no finite subset of the decision maker’s previsions
can be (uniformly) dominated by a rival set of previsions in terms of squared-error loss.

de Finetti (1974) established that a set of marginal previsions is coherent in the one
sense if and only if it is coherent in the other sense. In de Finetti (1974, pp. 88-89 and 188-
190) he gave a geometric argument to show that the second criterion distinguishes coherent
from incoherent sets of marginal previsions of events identically with the first criterion.
His elegant reasoning is simple to state. When an incoherent1 set of marginal previsions
are announced for a finite set of events, collectively those correspond to a point outside the
simplex generated by the linear span of the indicator functions for the finitely many events
forecasted. Then, projecting onto the simplex from that point produces a coherent1 set of
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marginal previsions whose squared-error loss dominates that of the first set of previsions,
regardless which state occurs. That is, the Euclidean distances from the projected point on
the face of the simplex to each corner of the simplex is strictly less than the corresponding
distances from the point outside the simplex to those corners; hence, those incoherent1

previsions for a finite set of events are also incoherent2. Moreover, if the set of previsions
are coherent1 they correspond to a point within the simplex. But no other point within the
simplex is simultaneously closer to all the corners. Hence, a coherent1 set of previsions for
events also is coherent2.

Regarding the problem of strategic play in eliciting a decision maker’s previsions,
which affects the first criterion, that concern is mitigated using the second criterion since,
under squared-error (Brier) score, the decision maker uniquely minimizes her/his expected
loss for a set of previsions by announcing the (subjective) expected value for each variable
forecast. When forecast variables are indicator functions for a set of events, the deci-
sion maker’s previsions then are her/his personal probabilities for those events. That is, as
de Finetti (1981) reported he “invented” the rule, known since Brier (1950) as Brier score,
which is a strictly proper scoring rule for eliciting probabilities for events.

DEFINITION 3. (SCORING RULES) A scoring rulefor scoring the conditional forecast
P (A|B) of an eventA given another eventB is a pair of extended-real-valued functions
(g0, g1) defined on the interval[0, 1] with the following understanding. IfA occurs, the
forecaster suffers a loss ofIBg1(P (A|B)), and ifAC occurs, the forecaster suffers a loss
of IBg0(P (A|B)). The scoring rule(g0, g1) is proper if, for all eventsA andB, the fore-
caster’s subjective conditional probability ofA givenB minimizes the expected score. That
is, (g0, g1) is proper ifx = p minimizes(1 − p)g0(x) + pg1(x) for each0 ≤ p ≤ 1. A
proper scoring rule(g0, g1) is strictly properif, for all 0 ≤ p ≤ 1, x = p is the only value
of x that minimizes(1− p)g0(x) + pg1(x). For convenience, if a proper scoring rule is not
strictly proper, we call itmerely proper.

WhenB 6= Ω, the expected score mentioned in Definition 3 isP (B) times the conditional
expected score givenB. If P (B) = 0, there are some issues that arise, but most of them do
not affect the results that we present in this paper. We return to these issues in Section 6. To
avoid the one issue that does affect our results, we assume that0 ≤ P (A|B) ≤ 1 for every
pair (A,B) of events withB 6= ∅. We make this assumption because many proper scoring
rules are not defined for previsions outside of the unit interval. Although it is part of our
goal to deal with incoherent previsions, we cannot allow them to be quite so incoherent if
we wish to apply proper scoring rules.

Savage (1971) generalized de Finetti’s use of squared error loss in Definition 2 and
characterized a general class of (strictly) proper scoring rules for eliciting personal prob-
abilities for events. However, Savage did not devote much detail to the argument that the
other proper scoring rules also agree with the criterion in Definition 1 in demarcating co-
herent from incoherent sets of previsions. Lieb et al. (2007) established that, for the case
of finitely many marginal previsions, de Finetti’s geometric argument extends to all contin-
uous strictly proper scoring rules by generalizing the role played by the Euclidean metric
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with Brier score to Bregman divergence for continuous scoring rules. That is, with each
continuous, strictly proper scoring rule if a finite set of marginal previsions is incoherent1

then it is dominated in score by some coherent1 set of forecasts. And no finite coherent1

set of marginal previsions can be so dominated.

DEFINITION 4. (DOMINANCE) Let (A1, B1), . . . , (An, Bn) be a finite collection of pairs
of events such that eachAi is to be forecast conditional onBi. Suppose that the conditional
forecast ofAi givenBi is to be scored by the scoring rule(g0,Ai,Bi , g1,Ai,Bi) for i = 1, . . . , n.
Defineg′Ai,Bi(x, ω) = IAi∩Bi(ω)g1,Ai,Bi(x) + IACi ∩Bi(ω)g0,Ai,Bi(x). Let p = (p1, . . . , pn)
andq = (q1, . . . , qn) be two different sets of conditional forecasts for then events. We say
thatq weakly dominatesp if, for all ω ∈ Ω,

n∑
i=1

g′Ai,Bi(qi, ω) ≤
n∑
i=1

g′Ai,Bi(pi, ω),(2)

with strict inequality for at least oneω. We say thatq strictly dominatesp if (2) holds for
all ω with strict inequality for allω.

There is a second, decision-theoretic line of argument relating to the equivalence be-
tween the two senses of coherence, however, that was anticipated by de Finetti (1972, p.
181-182) and sketched without much detail by Savage (1971, sections 8 and 9.1). Consider
a decision problem comprised by a set of optionsO and subject to a loss function (bounded
below) defined with respect to the finite partitionΘ. If an optionO∗ fails to be a Bayes
solution to the problem, i.e., if for each probability onΘ,O∗ fails to minimize the expected
loss with respect to the options inO, then some randomized rule with support inO strictly
dominatesO∗. WhenO is finite, this result was established by Pearce (1984, Lemma 3,
p. 1049). Here we extend this reasoning to statistical problems whereΘ is finite, i.e.,
“Nature” has only finitely many nonrandomized options, but where the “Statistician” has
a continuum of nonrandomized options. We apply the extension to decision problems in
which the options are sets of forecasts and the loss function is the sum of the scoring rules.

In the remainder of this article we identify those cases in which an incoherent collection
of forecasts is weakly or strictly dominated by a coherent collection of forecasts or by
something else. The cases depend on whether the scoring rules are proper or strictly proper,
and/or continuous or discontinuous. The cases also depend on whether or not the incoherent
forecasts are Bayes decisions in the decision problems described in the previous paragraph.
One consequence of what we prove is that Definitions 1 and 2 remain equivalent even if one
replaces Brier score by any collection of strictly proper scoring rules (one for each event
being forecast) satisfying some mild assumptions. When the scoring rules are continuous,
there is a coherent1 set of forecasts that strictly dominates each finite incoherent1 set of
forecasts, just as with Brier score. However, we illustrate that when the scoring rules
are discontinuous (and even though strictly proper) there may fail to be a coherent1 set
of forecasts that weakly dominate a particular incoherent1 set of forecasts. In other words,
although there is equivalence between the two senses of coherence even with discontinuous
strictly proper scoring rules, it is no longer the case that incoherence2 is characterized by
the existence of a dominating coherent2 set of forecasts.
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2. Summary of Results. The concept of dominance is similar to that of inadmissibil-
ity, and scoring rules are just like loss functions. For these reasons, we make use of results
from statistical decision theory to prove our results about when a given set of forecasts can
be dominated. For each finite collectionA = {(A1, B1), . . . , (Ak, Bk)} of pairs of subsets
of Ω with Bi 6= ∅, we construct a decision problem whose action space is the set of vec-
tors of forecasts for theAi givenBi. In each such decision problem, we check whether a
particular set of forecasts is a Bayes decision with respect to some prior distribution.

The standard theorems of statistical decision theory usually assume that the loss func-
tion is bounded below. In our setting, this would correspond to assuming that the scoring
rules are all bounded below. There are several good reasons for making such an assump-
tion, one of which is illustrated in Example 1 in Section 4. Adding a finite constant to
either or both branches of a proper scoring rule does not affect any of the properties that
we are studying, i.e., merely proper vs. strictly proper, continuity, dominance, forecasts
being Bayes. For this reason, assuming that scoring rules are bounded below is equivalent,
for our purposes, to assuming that the greatest lower bound is 0. It is trivial from Defini-
tion 3 that every proper scoring rule(g0, g1) satisfies the following:g0(x) is minimized at
x = 0 andg1(x) is minimized atx = 1. Hence, we lose no generality in assuming that
g0(0) = g1(1) = 0. To summarize, we assume the following of proper scoring rules:

ASSUMPTION1. Fork = 0, 1, gk is bounded below, andg0(0) = g1(1) = 0.

There are two other assumptions that play roles in some of our results, and we state them
here for completeness.

ASSUMPTION2. Fork = 0, 1, gk(x) is continuous atx = k.

ASSUMPTION3. Fork = 0, 1, gk(x) is finite for 0 < x < 1.

If every conditional forecast has a corresponding scoring rule, and the loss is the sum
of all the scores, we can generalize Definition 2 for event forecasts.

DEFINITION 5. (COHERENCE3) A collection of conditional forecasts for events is
incoherent3 if for some finite subcollection of those forecasts there exists an alternative set
of forecasts that strictly dominates in the sense of Definition 4. The collection of forecasts
is calledcoherent3 otherwise.

The question then arises as to whether or not coherence3 is equivalent to coherence1 in
all forecasting problems. The answer depends on which scoring rules one allows. It also
depends on what one allows for an “alternative set of forecasts.” It turns out that allowing a
randomized forecast to serve as the alternative expands the collection of scoring rules that
make coherence1 and coherence3 equivalent. (We are more explicit about what we mean
by a randomized forecast in Definition 8.) For example, we prove the following:

THEOREM 1. Assume that each conditional forecast is scored by a strictly proper scor-
ing rule that satisfies Assumptions 1 and 2.
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• If randomized forecasts are allowed, then coherence1 and coherence3 are equivalent
in every forecasting problem.

• If only nonrandomized forecasts are allowed and if all scoring rules are also contin-
uous, then coherence1 and coherence3 are equivalent in every forecasting problem.

The proof of Theorem 1 appears in Section 5. We provide an example (Example 4) to
illustrate that one cannot, without further assumptions, obtain a dominating nonrandom-
ized forecast when using discontinuous strictly proper scoring rules. We also provide an
example (Example 3) to illustrate that incoherent1 forecasts may not be strictly dominated,
without further assumptions, when using strictly proper scoring rules that violate Assump-
tion 2.

We prove additional results about the possibility of one set of forecasts being dominated
by another. For example, Theorem 2 includes conditions under which dominance occurs
with the use of merely proper scoring rules. Theorem 2 also includes conditions under
which a weakly dominating possibly randomized forecast exits. Theorem 3 gives condi-
tions under which an incoherent3 set of forecasts gets scored identically to a coherent1 set
of forecasts.

3. Mathematical Framework for Results. As mentioned earlier, we make use of
some standard results from statistical decision theory, and hence we want to express the
problem of comparing forecasts using proper scoring rules as a statistical decision problem.

3.1. Decision Theoretic Framework.Each decision problem is indexed by a finite col-
lectionA = {(A1, B1), . . . , (An, Bn)} of pairs of subsets of a setΩ with all Bi nonempty.
The parameter space for each decision problem is the collection of constituent events de-
termined byA, as defined here.

DEFINITION 6. (CONSTITUENTS) Let A1, . . . , An, B1, . . . , Bn be events. Construct
the (at most3n)) eventsCj = E1,j ∩ · · · ∩En,j where eachEi,j ∈ {Ai ∩Bi, A

C
i ∩Bi, B

C
i }

for i = 1, . . . , n. Letai(j) = 1 if Ei,j = Ai∩Bi, and letai(j) = 0 if not. Also, letbi(j) = 1
if Ei,j ⊆ Bi andbi(j) = 0 if Ei−n,j = BC

i . The distinct nonempty setsC1, . . . , Cm of this
form are called theconstituents.

The action space for the decision problem indexed byA is the set[0, 1]n, where theith
coordinate is interpreted as the conditional forecast forAi givenBi. The loss function is
the total score from a collection of scoring rules as in Definition 4, and which we make
more explicit here.

DEFINITION 7. (TOTAL SCORES) LetA = {(A1, B1), . . . , (An, Bn)} be a finite col-
lection of pairs of events with allBi nonempty. Suppose that, for eachi, the condi-
tional forecast forAi givenBi is scored by a proper scoring rule(g0,Ai,Bi , g1,Ai,Bi). Let
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p = (p1, . . . , pn) be a vector of conditional forecasts. Thetotal scoresfor these forecasts
are defined as follows. For each constituentCj, the total score is constant onCj and equals

dj =
n∑
i=1

bi(j)gai(j),Ai,Bi(pi) = ICj(ω)
n∑
i=1

g′Ai,Bi(pi, ω),(3)

whereai(j) andbi(j) are defined in Definition 6, andg′Ai,Bi is defined in Definition 4.

To avoid ambiguity, we are explicit about what we mean by randomized rules (which
we call randomized forecasts) in these decision problems.

DEFINITION 8. (RANDOMIZED FORECAST) Let {(A1, B1), . . . , (An, Bn)} be a finite
collection of pairs of events. Arandomized forecastis a probability measureδ on [0, 1]n

to be understood as the joint distribution of a random vector of conditional forecasts for
(A1, . . . , An) given(B1, . . . , Bn) respectively. Thetotal scoresfor the randomized forecast
δ are, forj = 1, . . . ,m,

dj =

∫
[0,1]n

n∑
i=1

bi(j)gai(j),Ai,Bi(pi)δ(dp).(4)

The definition of total scores in Definition 8 matches the definition of the loss function
for a randomized rule in statistical decision theory. Of course, a nonrandomized forecastp
can be interpreted as a randomized forecastδ by lettingδ({p}) = 1. In this case, (3) and
(4) are the same.

Definition 9 summarizes the above construction of a decision problem.

DEFINITION 9. (PROBLEMA) Let Ω be a space. For each pair(A,B) of subsets of
Ω with B 6= ∅, let (g0,A,B, g1,A,B) be a proper scoring rule. For each finite collection
A = {(A1, B1), . . . , (An, Bn)} of pairs of subsets ofΩ with all Bi nonempty, define the
following decision problem (calledproblemA). The parameter space isΘ = {C1, . . . , Cm}
the constituents from Definition 6, the action spaceO is [0, 1]n, the set of all vectorsp of
possible conditional forecasts forA1, . . . , An givenB1, . . . , Bn respectively, and the loss
function is the total score. A randomized forecastδ is Bayes in problemA if there exists a
probability distributionq = (q1, . . . , qm) overΘ such thatδ minimizes the expected loss,
i.e.,

m∑
j=1

qjdj = inf
δ∗

m∑
j=1

qj

∫
[0,1]n

n∑
i=1

bi(j)gai(j),Ai,Bi(pi)δ
∗(dp),(5)

where theinf is over all randomized forecastsδ∗.

Some simplification of the expression in (5) is possible. First, use the standard notation for
the loss function of a randomized rule to denote, for each randomized ruleδ,

gai(j),Ai,Bi(δ) =

∫
[0,1]n

gai(j),Ai,Bi(pi)δ(dp).
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Next, letR be the probability that extendsq to the algebra of events generated byΘ. In
particular

R(Ai ∩Bi) =
m∑
j=1

ai(j)bi(j)qj, and R(ACi ∩Bi) =
m∑
j=1

[1− ai(j)]bi(j)qj.

Then (5) becomes
n∑
i=1

{
R(Ai ∩Bi)g1,Ai,Bi(δ) +R(ACi ∩Bi)g0,Ai,Bi(δ)

}
(6)

= inf
δ∗

n∑
i=1

{
R(Ai ∩Bi)g1,Ai,Bi(δ

∗) +R(ACi ∩Bi)g0,Ai,Bi(δ
∗)
}
,

a more familiar formula indicating thatδ minimizes the expected total score. Ifδ is the
nonrandomized forecastp, then (6) becomes

n∑
i=1

{
R(Ai ∩Bi)g1,Ai,Bi(pi) +R(ACi ∩Bi)g0,Ai,Bi(pi)

}
(7)

= inf
q1,...,qn

n∑
i=1

{
R(Ai ∩Bi)g1,Ai,Bi(qi) +R(ACi ∩Bi)g0,Ai,Bi(qi)

}
.

The reader should note that Definition 9 assumes that the scoring rule used to score the
conditional forecast ofA givenB is the same every time that(A,B) appears in a finite
subcollectionA.

3.2. Equivalence of Definitions of Coherence.Because we deal with arbitrarily sized
collections of forecasts, we want to be able to classify each such collection as Bayes or not
in a manner similar to how an arbitrary collection of previsions is classified as coherent or
not.

DEFINITION 10. (BAYES FORECASTS) Suppose that an agent must produce a condi-
tional forecast forA givenB for each pair of events(A,B) in the collectionC. Suppose
that, for each(A,B) ∈ C, the conditional forecast forA givenB is scored by a proper
scoring rule(g0,A,B, g1,A,B). We say that a randomized forecastδ is weakly Bayesif, for
every finite subcollectionA = {(A1, B1), . . . , (An, Bn)} ⊆ C, δ is Bayes in problemA. A
weakly Bayes forecastδ is strongly Bayesif there exists a finitely additive probabilityR on
(Ω, 2Ω) that satisfies

n∑
i=1

{
R(Ai ∩Bi)g1,Ai,Bi(δ) +R(ACi ∩Bi)g0,Ai,Bi(δ)

}
(8)

=
n∑
i=1

{
R(Ai ∩Bi)g1,Ai,Bi(R(Ai|Bi)) +R(ACi ∩Bi)g0,Ai,Bi(R(Ai|Bi))

}
,

for every finite subcollectionA.
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Weakly Bayes forecasts turn out to be the ones that are coherent3,

LEMMA 1. If a collection of forecasts is weakly Bayes, then the forecasts in no finite
subcollection are strictly dominated.

The proof of Lemma 1 and the proofs of all other results stated in this section, appear in
Section 5.

Table 1 summarizes our results about the existence of dominating forecasts depending
on what we assume about the scoring rules.

TABLE 1
Summary of assumptions and conclusions of results providing dominating or equivalent
forecasts. The first three results comprise Theorem 2 and assume that a collection of fore-
casts is given that is not weakly Bayes. The fourth result is Theorem 3 and assumes that a
collection of weakly Bayes forecasts is given.

Conclusions Assumptions Examples to Justify
Assumptions

A possibly randomized forecast
weakly dominates.

All scoring rules satisfy Assump-
tion 1 and all merely proper scor-
ing rules satisfy Assumptions 2
and 3.

Example 1 and
Lemma 3.

A possibly randomized forecast
strictly dominates.

All scoring rules satisfy Assump-
tions 1–3.

Example 2.

A coherent forecast strictly domi-
nates

All scoring rules are continuous
and satisfy Assumptions 1 and 3.

Example 4.

A coherent forecast with the same
total scores.

All scoring rules are continuous
and satisfy Assumption 1.

Example 5.

Lemma 1 together with the results in the second and third rows of Table 1 allow us to
derive the following two results:

COROLLARY 1. Assume that all scoring rules satisfy Assumptions 1–3 and that ran-
domized forecasts are allowed. Then a collection of forecasts is weakly Bayes if and only
if it is coherent3.

COROLLARY 2. Assume that all scoring rules satisfy Assumptions 1 and 3 and are
continuous. Also assume that only nonrandomized forecasts are allowed. Then a collection
of forecasts is weakly Bayes if and only if it is coherent3.

What remains, to establish Theorem 1, is to show that weakly Bayes is equivalent to
coherent1. Our result assumes that all scoring rules are strictly proper.
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LEMMA 2. Assume that all scoring rules satisfy Assumption 1. A coherent1 set of
forecasts is strongly Bayes. If all of the scoring rules are strictly proper, every collection of
weakly Bayes forecasts is coherent1.

3.3. Weak and Strict Dominance in General.Theorem 2 is our general result contain-
ing conditions for the existence of dominating forecasts of various sorts when the initial
forecasts are not weakly Bayes. Theorem 3 gives conditions for the existence of a set of
coherent forecasts with the same total scores when the initial set of forecasts is weakly
Bayes. The various conclusions of these theorems are listed here:

1. There exists a finite subcollection{(A1, B1), . . . , (An, Bn)} ⊆ C whose forecasts
P (A1|B1), . . . , P (An|Bn) are not weakly Bayes, and for every such subcollection
there exists a possibly randomized forecast that weakly dominatesP (A1|B1), . . . ,
P (An|Bn).

2. There exists a finite subcollection{(A1, B1), . . . , (An, Bn)} ⊆ C whose forecasts
P (A1|B1), . . . , P (An|Bn) are not weakly Bayes, and for every such subcollection
there exists a possibly randomized forecast that strictly dominatesP (A1|B1), . . . ,
P (An|Bn).

3. There exists a finite subcollection{(A1, B1), . . . , (An, Bn)} ⊆ C whose forecasts
P (A1|B1), . . . , P (An|Bn) are not weakly Bayes, and for every such subcollection
there exists a coherent forecast that strictly dominatesP (A1|B1), . . . , P (An|Bn).

4. There exists a coherent collection of forecasts that has the same total scores as
{P (A|B) : (A,B) ∈ C} for every finite subcollection{(A1, B1), . . . , (An, Bn)} ⊆
C.

We refer to each of these as Conclusioni for i = 1, 2, 3, 4 in the remainder of the paper.

THEOREM 2. Suppose that an agent must provide a conditional forecast for each pair
of events in the collectionC. Suppose that the agent chooses forecasts that are not weakly
Bayes in the sense of Definition 10. Assume that all of the proper scoring rules (mentioned
in Definition 10) satisfy Assumptions 1 and 3 and that all of the merely proper scoring
rules satisfy Assumption 2. Then Conclusion 1 holds. If, in addition, Assumption 2 holds
for every scoring rule, then Conclusion 2 holds. If, in addition, all of the scoring rules are
continuous, then Conclusion 3 holds.

THEOREM 3. Suppose that an agent must provide a conditional forecast for each pair
of events in the collectionC. Suppose that the agent chooses forecasts that are weakly
Bayes in the sense of Definition 10. Assume that all of the proper scoring rules (mentioned
in Definition 10) are continuous and satisfy Assumptions 1 and 3. Then Conclusion 4 holds.

The proofs of Theorem 2 and 3 appear in Section 5.
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4. Examples. In this section, we provide results and examples to illustrate why we
make each of the assumptions in our various theorems. The examples involve only marginal
previsions. None of the assumptions that we make is needed solely because we we allow
both conditional and marginal previsions. That is, even if we were to restrict attention
solely to marginal previsions, as Lieb et al. (2007) do, our proofs would still use all of the
assumptions in order to deal with the examples in this section. To simplify notation, we do
not write all of these marginal previsions as conditional onΩ. Instead, we leave off the “|Ω”
from each prevision in these examples. Similarly, the scoring rule for scoring the prevision
of each eventA is denoted(g0,A, g1,A) instead of(g0,A,Ω, g1,A,Ω). And the collections of
pairs of events are written as collections of individual events because the second coordinate
of each pair is implicitlyΩ.

4.1.Assumption 1.If scoring rules are allowed to be unbounded both above and below,
one runs the risk of encountering∞−∞ in even the most elementary calculations, such as
total scores. The possibility of∞−∞ also makes the definition of Bayes rule problematic.

Example 1 illustrates that incoherent1 forecasts may not be even weakly dominated
without Assumption 1. It also shows how a finite collection of forecasts can be weakly
Bayes without being strongly Bayes.

EXAMPLE 1. LetC = {A1, A2} whereA1 ⊂ A2. Suppose also that none ofC1 = A1,
C2 = A2 ∩ AC1 , andC3 = AC2 is empty. The constituents are thenC1, C2, andC3. Let
(g0,A1(x), g1,A1(x)) = (x2, (1 − x)2) and (g0,A2(x), g1,A2(x)) = (log(x), log(x) + 1/x).
The first is Brier score, while the second is peculiar. To see that the second scoring rule is
strictly proper, note that the expected score (whenPr(A2) = p) is

(1− p) log(x) + p

[
log(x) +

1

x

]
= log(x) +

p

x
.(9)

The expression in (9) is smooth as a function ofx for x > 0, and its derivative with respect
to x is 1/x−p/x2. Forp > 0, the derivative equals 0 if and only ifx = p. Also, the second
derivative is−1/x2 + 2p/x3, which is positive atx = p, sox = p provides the unique
minimum. Forp = 0, the expression in (9) is also minimized uniquely atx = 0.

Now, suppose that an incoherent1 agent assignsP (A1) = 1 andP (A2) = 0. The total
scores ared1 = ∞, d2 = ∞, andd3 = −∞. No forecast can do better than−∞ on the
third constituent, so there is no set of forecasts that strictly dominates these incoherent1

forecasts. The only way to match−∞ on the third constituent is to forecast 0 forA2.
(For a randomized forecast, there must be positive probability of forecasting 0 forA2.) No
matter what one then forecasts forA1, the total scores are now the same as those of the
incoherent1 forecast. So the incoherent1 forecasts cannot be weakly dominated by another
forecast, coherent1 or otherwise.

The forecasts in this example are Bayes in problemC with respect to a priorR if and
only if R(C3) = 1. For the subcollectionA = {A1}, the forecasts are Bayes in problemA
with respect toR if and only ifR(A1) = 1. No prior gives probability 1 to bothA1 andC3
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as they are disjoint. Hence, although the choicesP (A1) = 1 andP (A2) = 0 are weakly
Bayes, they are not strongly Bayes.

4.2. Assumption 2.This is the assumption that each branch of the scoring rule is con-
tinuous at the point where it achieves its minimum. Discontinuity at this low end of the
scoring rule can have curious consequences for the existence of dominating forecasts. Ex-
ample 2 illustrates why we distinguish between Conclusions 1 and 2 depending on whether
Assumption 2 holds for all scoring rules.

EXAMPLE 2. Let C = {A1, A2} with A2 = AC1 . Suppose also that neitherA1 nor
A2 is empty. The constituents areC1 = A1 andC2 = AC1 . Let (g0,A1(x), g1,A1(x)) =
(x2, (1− x)2). The other scoring rule isg1,A2(x) = x− log(x) and

g0,A2(x) =

{
0 if x = 0,
1 + x if x > 0.

To see that the second scoring rule is strictly proper, note that the expected score (when
Pr(A2) = p) is 

(1− p)(1 + x) + p[x− log(x)] if x > 0,
∞ if x = 0 andp > 0,
0 if x = 0 andp = 0.

Clearly, x = 0 minimizes this function if and only ifp = 0. If p > 0, the function is
smooth forx > 0 with derivative (with respect tox) equal to1−p/x and second derivative
p/x2. The derivative equals 0 if and only ifx = p. Also, the second derivative is positive
atx = p, sox = p provides the unique minimum.

Now, suppose that an incoherent1 agent assignsP (A1) = 1/2 andP (A2) = 0. The
total scores ared1 = 1/4 andd2 = ∞. Every randomized forecast that has a score on the
first constituent of less than 1/4, must choose a forecast of 0 forA2 with probability greater
than 3/4. Every randomized forecast that assigns positive probability to a 0 forecast forA2

produces a score on the second constituent of∞. So the incoherent forecasts cannot be
strictly dominated. The forecastsP ′(A1) = 1 andP ′(A2) = 0 weakly dominate.

Example 3 shows that a collection of forecasts can be weakly Bayes without being
strongly Bayes if some merely proper scoring rules fail to satisfy Assumption 2, even when
all scoring rules satisfy Assumption 1. This is why Lemma 10 and Conclusion 1 in Theo-
rem 2 assume that merely proper scoring rules satisfy Assumption 2.

EXAMPLE 3. LetC = {A0, A1, A2, . . .}where each event is nonempty,A1 ⊃ A2 ⊃ · · ·
andA0 ⊆ Ai for all i > 0. Suppose that an agent assigns previsions such that0 < P (Ai) <
1 for all i but for i > 0, P (Ai) ↓ 0. Suppose that(g0,Ai , g1,Ai) is Brier score for alli > 0
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but

g0,A0(x) =


0 if x = 0,
1/4 if 0 < x < 1/2,
x2 if 1/2 ≤ x ≤ 1,

g1,A0(x) =


∞ if x = 0,
1/4 if 0 < x < 1/2,
(1− x)2 if 1/2 ≤ x ≤ 1.

To see that this last scoring rule is proper, argue by cases. IfPr(A0) = 0, then the expected
score is 0 ifx = 0 and strictly positive otherwise. If0 < Pr(A0) ≤ 1/2, then the expected
score is∞ if x = 0, 1/4 if 0 < x ≤ 1/2, and strictly greater than 1/4 otherwise. If
1/2 < Pr(A0) = p ≤ 1, then the expected score is∞ if x = 0, 1/4 if 0 < x ≤ 1/2, and
(1 − p)x2 + p(1 − x)2 if 1/2 < x ≤ 1. The last quantity is uniquely minimized atx = p
with a valuep(1− p) that is strictly less than 1/4.

For every finite subcollectionA of C that does not includeA0, the corresponding fore-
casts are Bayes in problemA because they are coherent1. For each finite subcollection
A that includesA0, the corresponding forecasts are still Bayes in problemA, because the
score fromP (A0) is identical to the score one would get by replacingP (A0) by any num-
ber strictly between 0 and the smallest of theP (Ai) forAi ∈ A. Hence, the forecasts might
as well be coherent1 as far as the scores are concerned. So, the collection of forecasts is
weakly Bayes.

However, the entire collection of forecasts is not strongly Bayes. The reason is that
every finitely additive probabilityR that makes (8) true for all of the finite subcollections
that do not includeA0 hasR(A0) = 0. But (8) does not hold withR(A0) = 0 when the
finite subcollection includesA0.

4.3. Assumption 3.Scoring rules that violate Assumption 3 are pathological as the
following result shows. Lemma 3 characterizes scoring rules that satisfy Assumption 1 but
violate the Assumption 3.

LEMMA 3. Let g0 and g1 be functions that are bounded below. Assume that either
g0(x) or g1(x) is infinite for at least one value ofx ∈ (0, 1). Then(g0, g1) is a proper
scoring rule if and only if the following conditions hold:

• For k = 0, 1, gk(x) is minimized atx = k.

• For all 0 ≤ x ≤ 1, max{g0(x), g1(x)} =∞.

Such a scoring rule is not strictly proper.

PROOF. The expected score for forecastingx when the probability of the event isp
equals

(1− p)g0(x) + pg1(x).(10)
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It is now clear that the first condition is necessary and sufficient for (10) to be minimized
atx = p if p ∈ {0, 1}. It is also clear that the second condition is sufficient for (10) to be
minimized atx = p for all p ∈ (0, 1). To see that the second condition is necessary, assume
thatg0(x0) =∞ for somex0 ∈ (0, 1). (A similar argument works ifg1(x1) =∞ for some
x1 ∈ (0, 1).) The only way that (10) can be minimized atx = p whenp = x0 is for (10) to
be infinite for all0 ≤ x ≤ 1. That is, the second condition must hold. Since the expected
score is minimized at allx when0 < p < 1, such scoring rules are not strictly proper.�

Notice that the scoring rules in Lemma 3 all have infinite expected score whenever a
forecast is strictly between 0 and 1 and/or the probability of the event is strictly between 0
and 1.

4.4. Continuity. Discontinuous scoring rules tend to have risk sets that do not contain
all of the lower boundary. Hence, the admissible rules will not always form a complete
class. That is, there may be inadmissible rules that are dominated only by other inad-
missible rules but not by admissible rules. Example 4 illustrates why we cannot expect a
dominating coherent1 set of forecasts with discontinuous scoring rules even though there
are other incoherent1 dominating strategies.

EXAMPLE 4. Consider the scoring rule

g0(x) =

{
x2 if x ≤ 1/2,
1/2 + x2 if x > 1/2,

g1(x) =

{
1/2 + (1− x)2 if x ≤ 1/2,
(1− x)2 if x > 1/2.

If p ∈ {0, 1}, the expected score is clearly minimized uniquely by forecastingx = p. If
0 < p < 1, the expected score from forecastingx is{

p[1/2 + (1− x)2] + (1− p)x2 if x ≤ 1/2,
p(1− x)2 + (1− p)(1/2 + x2) if x > 1/2.

If p ≤ 1/2, the first branch has a unique minimum atx = p, the second branch is strictly
increasing and there is a jump up immediately afterx = 1/2, so the expected score is
minimized uniquely atx = p. (If p = 1/2, the jump is of size 0.) Similarly, ifp > 1/2,
the second branch has a unique minimum atx = p, the first branch is strictly decreasing
and there is a jump down immediately afterx = 1/2, so the expected score is minimized
uniquely atx = p. Hence, the scoring rule is strictly proper.

Next, consider a case withn = 2, A2 = AC1 with neither event empty. Use the same
scoring rule for both events. There are two constituents,C1 = A1 andC2 = AC1 . Let the
incoherent1 forecasts bep1 = 0.6 andp2 = 0.7. Thend1 = 1.15 andd2 = 0.95. A forecast
(r1, r2) is coherent1 if and only if r1 + r2 = 1. For each coherent1 forecast withr1 < 1/2,
the score onC1 is 1 + (1 − r1)2 + r2

2, which is always strictly greater than 1.5. For each
coherent1 forecast withr1 > 1/2, the score onC2 is 1 + r2

1 + (1 − r2)2 which is always
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strictly greater than 1.5. For the coherent1 forecastr1 = r2 = 0.5, the scores on bothC1

andC2 are equal to 1.0. Hence, no coherent1 forecast can weakly dominate the incoherent1

forecastp1 = 0.6 andp2 = 0.7. On the other hand, there are other incoherent1 forecasts
that dominate(p1, p2). For examplep′1 = 0.55 andp′2 = 0.65 has total scores ofd′1 = 1.125
andd′2 = 0.925.

Example 5 illustrates why Theorem 3 doesn’t deal with the case in which an incoherent1

set of forecasts is Bayes but the scoring rules are not continuous.

EXAMPLE 5. Consider the scoring rule

g0(x) =

{
x2 if x ≤ 1/2,
1 if x > 1/2,

g1(x) =

{
1/2 + (1− x)2 if x ≤ 1/2,
0 if x > 1/2.

Let 0 ≤ p ≤ 1. The expected score for forecastingx is{
p[1/2 + (1− x)2] + (1− p)x2 if x ≤ 1/2,
1− p if x > 1/2.

This is minimized atx = p for all p. Of course ifp > 1/2, it is minimized at allx > 1/2
also. The scoring rule is merely proper.

Next, consider a case withn = 2, A2 = AC1 with neither event empty. Use the same
scoring rule for both events. There are two constituents,C1 = A1 andC2 = AC1 . Let the
incoherent forecasts bep1 = 0.5 andp2 = 0.7. Thend1 = 1/4 andd2 = 7/4. If the
probability ofA1 is 1/2, the Bayes rule assigns both events probability 1/2 and the total
scores are both equal to 1. The expected total score is 1, which is the same as the total
expected score of the incoherent1 forecasts. Hence, the incoherent1 forecasts are Bayes
with all probabilities strictly positive and hence cannot be dominated. In order for forecasts
(r1, r2) to have total score equal to 1/4 onC1 one needsr1 = 1/2 andr2 > 1/2, which is
not coherent1.

Example 6 illustrates how strongly Bayes forecasts can be weakly dominated if some
merely proper scoring rules are discontinuous.

EXAMPLE 6. Consider the collectionC = {A1, A2, A3} with A3 = (A1 ∪ A2)C and
A1 ∩ A2 6= ∅. The constituents areC1 = A1 ∩ A2, C2 = A1 ∩ AC2 , C3 = AC1 ∩ A2,
andC4 = A3. The forecasts areP (A1) = P (A2) = P (A3) = 1/2. The scoring rules
(g0,Ai , g1,Ai) for i = 1, 2 are both the following:

g0(x) =

{
0 if x < 1/2,
x2 if x ≥ 1/2,

g1(x) =

{
1/2 if x < 1/2,
(1− x)2 if x > 1/2.
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To see that this is proper, let0 ≤ p ≤ 1. The expected score for forecastingx is{
p/2 if x < 1/2,
p(1− x)2 + (1− p)x2 if x ≥ 1/2.

This is minimized atx = p for all p. Of course ifp < 1/2, it is minimized at allx < 1/2
also. The scoring rule is merely proper. Let(g0,A3 , g1,A3) be (2g0, 2g1). The forecasts
are Bayes with respect to every probabilityR that satisfiesR(C1) = 1/2, R(C2) = 0,
R(C3) = 0, andR(C4) = 1/2. The total scores aredj = 1 for all j. The alternative
forecastsq1 = q2 = q3 = 0 have total scores ofd1 = d4 = 1, andd2 = d3 = 1/2, which
weakly dominate the original strongly Bayes forecasts.

4.5. Conclusion 3. Example 7 illustrates why Theorem 2 has the weak Conclusion 3
rather than the stronger claim that the same set of coherent1 forecasts dominates every
incoherent1 subcollection.

EXAMPLE 7. Let C = {A1, A2, A3, A4, A5} whereA1, A2, A3 form a partition ofΩ
into three nonempty events,A4 = A1 ∪ A2 andA5 = A2 ∪ A3. Suppose that the forecast
for each event is scored using Brier score. Consider the following incoherent1 forecasts:
P (A1) = 1.0, P (A2) = 0.3, P (A3) = 1.0, P (A4) = 0.1, andP (A5) = 0.1. The subcol-
lection{A3, A4} is not Bayes. The constituents areC1 = A4 andC2 = A3 with total scores
of d1 = 1.81 andd2 = 0.01. Every set of forecasts that dominates these must assign proba-
bility less than 0.1 toA4. The subcollection{A1, A5} is also incoherent1. The constituents
now areB′1 = A1 andB′2 = A5 with total scores ofd′1 = 0.01 andd′2 = 1.81. Every set
of forecasts that dominates these must assign probability less than 0.1 toA5. If a single set
of forecasts were to dominate both of the two finite subcollections above, it would have to
assign probability less than 0.1 to each ofA4 andA5. ButA4∪A5 = Ω, hence no coherent1

set of forecasts can dominate both of the incoherent1 subcollections above.

5. Proofs of Results.

5.1.Some General Results About Scoring Rules.Some of our results rely on an under-
standing of the structure of general scoring rules. We make us of the following two results
from Schervish (1989).

THEOREM 4. (SCHERVISH (1989, THEOREM 4.2)) Let (g0, g1) be a left-continuous
scoring rule that satisfies Assumptions 1–3 and such thatg1(x) doesn’t jump to∞ atx = 0.
The scoring rule is proper if and only if there exists aσ-finite measureλ on [0, 1) such that
for all x

g1(x) =

∫
[x,1)

(1− q)λ(dq), and g0(x) =

∫
[0,x)

qλ(dq).(11)

The scoring rule is strictly proper if and only if, in addition,λ gives positive measure to
every nondegenerate interval.
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LEMMA 4. (SCHERVISH (1989, LEMMA A.2)) Let (g0, g1) be a proper scoring rule.
Let0 ≤ p ≤ 1, and considermp(x) = pg1(x) + (1− p)g0(x) as a function ofx for fixedp.
If g1 andg0 are bounded in a neighborhood ofp, thenmp is continuous atx = p.

We also need a few additional general results about scoring rules.

LEMMA 5. Suppose that a left-continuous merely proper scoring rule(g0, g1) satisfies
Assumptions 1–3. Let0 ≤ p ≤ 1, and suppose thatx = p′ 6= p also minimizes(1 −
p)g0(x) + pg1(x). Then, bothg0 andg1 are constant on the open interval fromp to p′. If g0

andg1 are continuous, then they are constant on the closed interval fromp to p′.

PROOF. Assume thatp′ > p. The other case is similar. By (11), we have

pg1(p′) + (1− p)g0(p′)− [pg1(p) + (1− p)g0(p)] =

∫
[p,p′)

(p′ − q)λ(dq).(12)

Sincep′ − q > 0 for q ∈ (p, p′), the fact that the left-hand side of (12) equals 0 implies
that λ((p, p′)) = 0. From the representation in Theorem 4, we see that bothg0 andg1

are constant on each interval to whichλ assigns 0 mass. In the continuous case, all such
intervals are closed.�

LEMMA 6. Let (g0, g1) be a (strictly) proper scoring rule that satisfies Assumption 3.
For each0 < x < 1, definehi(x) = limy↑x gi(y). Then(h0, h1) is (strictly) proper.

PROOF. Letmp(x) be as in Lemma 4, and define`p(x) = ph1(x) + (1 − p)h0(x). If
there were anx ∈ (0, 1) at which one ofg0 or g1 were discontinuous, but not the other,
thenmx would be discontinous atx, which contradicts Lemma 4. It follows thatg0 andg1

are discontinuous at the same set of points in(0, 1). From the definition of(h0, h1) we see
that all four functionsg0, g1, h0, h1 share the same set of discontinuties. Let0 < p < 1 be
a discontinuity point of(g0, g1) (if any). Then by Lemma 4,

ph1(p) + (1− p)h0(p) = p lim
x↑p

g1(x) + (1− p) lim
x↑p

g0(x) = lim
x↑p

[pg1(x) + (1− p)g0(x)

= pg1(p) + (1− p)g0(p).

Hence,`p(p) = mp(p) for all 0 < p < 1. For p ∈ {0, 1}, we also havèp(p) = mp(p),
becausegi = hi at both endpoints fori = 0, 1. Forx 6= p andx ∈ {0, 1}, we have

ph1(p) + (1− p)h0(p) = pg1(p) + (1− p)g0(p) ≤ pg1(x) + (1− p)g0(x).(13)

Forx 6= p and0 < x < 1, we have

ph1(p) + (1− p)h0(p) ≤ lim
y↑x

[pg1(y) + (1− p)g0(y)] = ph1(x) + (1− p)h0(x).(14)

Toghether (13) and (14) imply that(h0, h1) is proper. If(g0, g1) is strictly proper, then the
inequality is strict in (13). Assume by way of contradiction that the inequality is equality
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in (14). Apply Lemma 5 to(h0, h1) to conclude thath0 andh1 are both flat on the open
interval betweenp andx. Theorem 4 implies thath0 andh1 are monotone, so they have
at most countably many discontinuities. Henceg0 andg1 have at most countably many
discontinuities andg0 and g1 are also both flat on the interval betweenp and x. This
contradicts the fact that(g0, g1) is strictly proper.�

Lemma 7 extends one direction of Theorem 4 to general scoring rules.

LEMMA 7. Let (g0, g1) be a proper scoring rule that satisfies Assumptions 1–3. Then
there exists aσ-finite measureλ on [0, 1) such that for all continuity pointsx ∈ (0, 1)

g1(x) =

∫
(x,1)

(1− q)λ(dq), and g0(x) =

∫
(0,x)

qλ(dq).

PROOF. Let (g0, g1) be a proper scoring rule, and create the left-continuous proper
scoring rule(h0, h1) in Lemma 6. First, assume thatg1(x) does not jump to∞ at x = 0.
Note thatgi(x) = hi(x) for all continuity pointsx and i = 0, 1. The conclusion now
follows from Theorem 4 applied to(h0, h1). Finally, if g1(x) jumps to∞ at x = 0, let
h′1(0) = limx↓0 g1(x) and leth′i(x) = hi(x) for all other i andx. If we can show that
(h′0, h

′
1) is proper, the above reasoning will finish the proof. The only way that(h′0, h

′
1)

could fail to be proper is if there existsp > 0 such thatph′1(0) + (1− p)h′0(0) < ph′1(p) +
(1 − p)h′0(p). But, bothh′0 andh′1 are continuous at 0, hence this inequality would imply
thatph1(x) + (1−p)h0(x) < ph1(p) + (1−p)h0(p) for some0 < x < p which contradicts
(h0, h1) being proper.�

LEMMA 8. Suppose that(g0, g1) is a proper scoring rule that satisfies Assumptions 1–
3. Definem(p) = (1− p)g0(p) + pg1(p). Then

lim
p→0

m(p) = lim
p→1

m(p) = 0.

PROOF. We prove the limit at 0, as the limit at 1 is similar. Sinceg0(p) goes to 0, we
need only prove thatpg1(p) goes to 0. Suppose, to the contrary, that it does not go to 0. For
0 < p < 1, m(p) is the pointwise minimum of a collection of linear functions and hence
is concave and continuous on the open interval. It follows thatlimp→0 pg1(p) exists. Let
the limit bec > 0. From Lemma 7, for every continuity pointp of g0 and every continuity
point t ∈ (p, 1),

pg1(p) = p

∫
(p,t)

(1− q)λ(dq) + pg1(t).

Hence, for every continuity pointt ∈ (0, 1), limp→0 p
∫

(p,t)
(1−q)λ(dq) = c. Let{pn}∞n=1 be

a sequence of continuity points ofg0 that converges to 0. In the integral above,1−q > 1−t
for all q ∈ (p, t), hence for every continuity pointt ∈ (0, 1), pnλ((pn, t)) eventually gets
larger thanc/2. Let t > 0 be a continuity point small enough so thatg0(t) < c/3. It follows
from Lemma 7 that, for all but finitely manyn,

c

3
> g0(t) ≥

∫
(pn,t)

qλ(dq) ≥ pnλ([pn, t)) >
c

2
,

a contradiction.�
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5.2. Equivalence of Definitions of Coherence.In this section, we prove Lemma 1 and
Lemma 2.

PROOF OF LEMMA 1. LetA = {(A1, B1), . . . , (An, Bn)} be a finite subcollection,
and letp1, . . . , pn be the conditional forecasts. The left-hand side of (7) and the left-hand
side of (8) are the expected total score under the probabilityR. If the forecasts in this
subcollection were strictly dominated, then the dominating forecasts would have strictly
smaller score for everyω. Since there are only finitely many different total scores, the
expected total score, would be strictly smaller for every finitely additive probability, hence
the dominated forecasts could not satisfy (6) and they could not satisfy (8) and hence they
would not be weakly Bayes.�

The proof of Lemma 2 is broken into a series of intermediate results.

LEMMA 9. Suppose that (8) holds and that the right-hand side of (8) is finite. Then for
eachi = 1, . . . , n,

R(Ai ∩Bi)g1,Ai,Bi(δ) +R(ACi ∩Bi)g0,Ai,Bi(δ)

= R(Ai ∩Bi)g1,Ai,Bi(R(Ai|Bi)) +R(ACi ∩Bi)g0,Ai,Bi(R(Ai|Bi)).(15)

PROOF. If R(Bi) = 0, the result is trivial. So assume thatR(Bi) > 0. Because the
scoring rule is proper, we know that for eachi

R(Ai|Bi)g1,Ai,Bi(δ) + [1−R(Ai|Bi)]g0,Ai,Bi(δ)

≥ R(Ai|Bi)g1,Ai,Bi(R(Ai|Bi)) + [1−R(Ai|Bi)]g0,Ai(R(Ai|Bi)).

If the inequality above were strict for somei with R(Bi) > 0, then the left-hand side of (8)
would be strictly larger than the right-hand side of (8).�

LEMMA 10. Assume that all scoring rules satisfy Assumption 1 and that all merely
proper scoring rules satisfy Assumptions 2 and 3. If a collection of forecasts is weakly
Bayes, then it is strongly Bayes.

PROOF. For every finite subcollection ofC, there exists a finitely additive probability
R such that (8) holds. We show that there is anR that works for all finite subsets. Let
A = {(A1, B1), . . . , (An, Bn)} be an arbitrary finite subcollection ofC. Let PA = {R :
(8) holds}. We would like to show first thatPA is closed in the topology of pointwise
convergence, which is also the product topology on the function spaceP = [0, 1]2

Ω
which

includes all finitely additive probabilities onΩ. All strictly proper scoring rules satisfy
Assumption 3. Assumptions 1 and 3 guarantee that the right-hand side of (8) is always
finite. Lemma 9 then says that for eachR ∈ PA and eachi, (15) holds. Hence,PA =⋂n
i=1 P{(Ai,Bi)}. Next, we write eachP{(Ai,Bi)} as the inverse image of a closed set under a

continuous function. For eachA ∈ 2Ω, the coordinate projection functionfA : P → [0, 1],
defined byfA(R) = R(A), is continuous. For eachi, define the function

`i(e1, e2) =

{
e1g1,Ai,Bi

(
e1

e1+e2

)
+ e2g0,Ai,Bi

(
e1

e1+e2

)
if e1 + e2 > 0,

0 otherwise,
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for 0 ≤ e1, e2 ≤ 1. We can write

P{(Ai,Bi)} = (fAi∩Bi , fACi ∩Bi)
−1(Di),

where

Di = {(e1, e2) : e1g1,Ai,Bi(δ) + e2g0,Ai,Bi(δ) = `i(e1, e2), ande1 + e2 ≤ 1}.(16)

If Di is closed, then so isP{(Ai,Bi)}. The argument thatDi is closed differs depending on
whether or not the scoring rule(g0,Ai,Bi,, g1,Ai,Bi) is strictly proper. If the scoring rule is
strictly proper, then theith coordinate of the randomized forecastδ must be nonrandomized
since only nonrandomized rules can be weakly Bayes with strictly proper scoring rules.
Let theδ assign probability 1 to theith coordinate beingp. In this caseDi = {(e1, e2) :
e1(1− p) = e2p}, which is a closed set.

If the scoring rule is merely proper, we argue as follows. SinceDi is a subset of IR2,
it is closed if it contains the limit of every convergent sequence. Let{(e1,n, e2,n)}∞n=1 be
a convergent sequence inDi. Let the limit be(e1,0, e2,0). We need to consider two cases.
First, if e1,0 + e2,0 = 0, then(e1,0, e2,0) ∈ Di trivially. For the rest of this part of the proof,
assume thate1,0 + e2,0 > 0. Defineh(e1, e2) = e1/(e1 + e2), and letrn = h(e1,n, e2,n)
for n = 0, 1, . . .. Thenh is continuous at(e1,0, e2,0) andrn converges tor0. We can write
`i(e1, e2) = (e1 + e2)`∗i (h(e1, e2)), where`∗i (r) = rg1,Ai,Bi(r) + (1− r)g0,Ai,Bi(r). rn = r0

for all n and(e1,0, e2,0) ∈ Di. Lemma 8 establishes that each`∗i is continuous on the closed
interval [0, 1]. So,`i is continuous at(e1,0, e2,0) which is then inDi. Hence,Di is closed
and so isP{(Ai,Bi)}. It follows that eachPA is closed.

Finally, we show that the intersection of allPA is nonempty. It is easy to see that ifB
is a finite subcollection such thatB ⊆ A, thenPA ⊆ PB. It follows that the collection of
all PA has the finite intersection property. Because the set of finitely additive probabilities
is compact in the product topology, it follows that the intersection of allPA is nonempty.
That is, there is at least one finitely additive probabilityR such that (8) holds for all finite
subcollections. Hence the forecasts are strongly Bayes.�

The connection between coherent1 forecasts and strongly Bayes forecasts needed for
Lemma 2 relies on the ability to extend a collection of coherent1 previsions into a lin-
ear functional on a linear space. The next two theorems extend de Finetti’s fundamental
theorem of prevision (de Finetti, 1974, Section 3.10) to deal explicitly with conditional pre-
visions. We state and prove these results and their corollary for bounded random variables
rather than merely for indicators of events, even though the latter is all that we need in this
paper.

THEOREM 5. (FUNDAMENTAL THEOREM OFPREVISION) LetC be a set of pairs where
the first element of each pair is a bounded random variable and the second is a nonempty
event. For each(X,B) ∈ C, letP (X|B) be a conditional prevision. Assume that the con-
ditional previsions are coherent1. Let(X,Ω) 6∈ C. Then there exists a closed interval[c, d]
such thatP (X|Ω) = x is coherent1 with all the other conditional previsions if and only if
c ≤ x ≤ d.
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PROOF. Define the linear space

Y =

{
n∑
i=1

αiIBi [Xi − P (Xi|Bi)] + f : (Xi, Bi) ∈ C andαi ∈ IR for i = 1, . . . , n andf ∈ IR

}
.

(17)
For eachY ∈ Y expressed as in (17), letL(Y ) = f . The coherence1 of the previsions
makes it clear thatL is well defined. (If the sameY could be expressed two different
ways with different values off , then book could be made by trading the two different
representations ofY against each other.) It is also easy to see thatL is a linear functional
defined onY. Define the following two sets

P = {Y ∈ Y : Y ≤ IC},
P = {Y ∈ Y : Y ≥ IC}.

Setc = supY ∈P L(Y ) andd = infY ∈P L(Y ). For the “if” direction, suppose thatc ≤ x ≤
d. Suppose, to the contrary, that there exist(X1, B1), . . . , (Xn, Bn) in C and real numbers
α1, . . . , αn andβ 6= 0 andε > 0 such that

β(IC − x) +
n∑
i=1

αiIBi [Xi − P (Xi|Bi)] < −ε.(18)

If β > 0, then (18) implies

IC < x− ε

β
+

n∑
i=1

αi
β
IBi [Xi − P (Xi|Bi)].(19)

The right side of (19) is an element ofP , henced ≤ x − ε
β

which contradictsx ≤ d.
Similarly, if β < 0, we arrive at a contradiction toc ≤ x. For the “only if” direction,
suppose thatP (C|Ω) = x is coherent1 with the other previsions. Suppose, to the contrary,
that x < c. Let Y =

∑n
i=1 αiIBi [Xi − P (Xi|Bi)] + f ∈ P be such thatY ≤ IC and

f > (c+ x)/2. The following gambles make book against these previsions:

−(IC − x) + (Y − f) ≤ x− f < x− c
2

< 0.

Similarly, if x > d we can find aY ∈ P that allows us to make book.�

THEOREM 6. (FUNDAMENTAL THEOREM OFCONDITIONAL PREVISION) LetC be a
set of pairs where the first element of each pair is a bounded random variable and the sec-
ond is a nonempty event. For each(X,B) ∈ C, let P (X|B) be a conditional prevision.
Assume that the conditional previsions are coherent1. Let (X,D) 6∈ C with D 6= ∅. Then
there exists a setE of real numbers such thatP (X|D) = x is coherent1 with all the other
conditional previsions if and only ifx ∈ E.
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PROOF. First, suppose that both(X,Ω) and(XID,Ω) are inC. de Finetti (1974) proves
that a necessary and sufficient condition forP (X|D) to be coherent1 is P (XID|Ω) =
P (X|D)P (D|Ω). If P (D|Ω) > 0, thenE = {P (XID|Ω)/P (D|Ω)}. If P (D|Ω) = 0, then
E = IR. Next, suppose that(D,Ω) ∈ C but (XID,Ω) 6∈ C. If P (D|Ω) = 0, thenE = IR.
If P (D|Ω) 6= 0, apply Theorem 5 to find an interval[c, d] of possible coherent1 values for
P (XID|Ω). ThenE = {x/P (D|Ω) : c ≤ x ≤ d}. Next, assume that(D,Ω) 6∈ C but
(XID,Ω) ∈ C. Apply Theorem 5 to find an interval[c, d] of possible coherent1 values for
P (D|Ω). If c = 0, thenE = IR. If c > 0, thenE = {P (XID|Ω)/x : c ≤ x ≤ d}. Finally,
assume that neither(D,Ω) nor (XID,Ω) is in C. Apply Theorem 5 to find an interval
[c1, d1] of possible coherent1 values ofP (D|Ω). For eachx ∈ [c1, d1], apply the argument
above for the case in which(D,Ω) ∈ C but (XID,Ω) 6∈ C to find a setEx of possible
coherent1 values ofP (X|D). ThenE = ∪x∈[c1,d1]Ex. �

COROLLARY 3. Let C1 andC2 be two disjoint sets of pairs where the first element of
each pair is a bounded random variable and the second is a nonempty event. For each
(X,B) ∈ C1, let P (X|B) be a conditional prevision. Assume that the conditional previ-
sions are coherent1. For each(X,B) ∈ C2, there exists a conditional previsionP (X|B)
such that{P (X|B) : (X,B) ∈ C1 ∪ C2} are coherent1.

PROOF. Use Zermello’s lemma to well-order the elements ofC2. LetD be the corre-
sponding set of ordinals. We use transfinite induction to finish the proof. For each successor
ordinalα ∈ D, apply Theorem 6 to find a conditional previsionP (Xα|Bα) that is coherent1

with all earlier previsions. For each limit ordinalβ ∈ D, it is easy to see that the previsions
{P (Xα|Bα) : α < β} ∪ {P (X|B) : (X,B) ∈ C1} are coherent1 because every finite
subcollection was verified as coherent1 at an earlier stage in the induction.�

LEMMA 11. LetC be a collection of pairs of events. A collection of conditional previ-
sions{P (A|B) : (A,B) ∈ C} is coherent1 if and only if there exists a finitely additive prob-
ability R on (Ω, 2Ω) that agrees withP onC in the following sense: For each(A,B) ∈ C,
R(B)P (A|B) = R(A ∩B).

PROOF. For the “if” part, assume that such anR exists. LetA = {(A1, B1), . . . , (An, Bn)}
⊆ C be a finite subcollection. It is trivial to extendR to a positive linear functionalL on
the linear spanL of constants and the indicatorsIAi∩Bi andIBi for i = 1, . . . , n by

L

(
c+

n∑
i=1

aiIAi∩Bi +
n∑
i=1

biIBi

)
= c+

n∑
i=1

aiR(Ai ∩Bi) +
n∑
i=1

biR(Bi).

Suppose, to the contrary that there existα1, . . . , αn andε > 0 such that

X =
n∑
i=1

αiIBi [IAi − P (Ai|Bi)] < −ε.(20)
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Note thatX in (20) is an element ofL. BecauseR agrees with the conditional previsions,
X equals

n∑
i=1

αi[IAi∩Bi −R(Ai ∩Bi)]−
n∑
i=1

αiP (Ai|Bi)[IBi −R(Bi)].(21)

It follows from (21) thatL(X) = 0, but (20) implies thatL(X) < −ε, a contradiction.
Hence, no book can be made and the conditional previsions are coherent1. For the “only
if” part, assume that the conditional previsions are coherent1. Extend the collection of
conditional previsions to include all pairs(B,Ω) and (A ∩ B,Ω) for each(A,B) ∈ C
using Corollary 3. LetL′ be the linear span of all constants and indicatorsIA∩B andIB for
(A,B) ∈ C. OnL′, define

L′

(
c+

n∑
i=1

aiIAi∩Bi +
n∑
i=1

biIBi

)
= c+

n∑
i=1

aiP (Ai ∩Bi|Ω) +
n∑
i=1

biP (Bi|Ω).

Note thatL′ satisfiesL′(X) ≤ ‖X‖∞ andL′(1) = 1. According to the Hahn-Banach
theorem,L′ can be extended to a linear functional on the linear span of all indicators of
subsets ofΩ. This extension, when restricted to the indicators of events, is a finitely additive
probabilityR that agrees withP onC. �

PROOF OF LEMMA 2. Let {P (A|B) : (A,B) ∈ C} be a collection of conditional
forecasts. To prove the first claim, assume that the forecasts are coherent1. Let R be as
in Lemma 11. To prove the second claim, assume that all of the scoring rules are strictly
proper and that the forecasts are weakly Bayes. Since all strictly proper scoring rules satisfy
Assumption 3, the forecasts are strongly Bayes by Lemma 10. LetR be as in Definition 10,
and let{(A1, B1), . . . , (An, Bn)} ⊆ C be a finite subcollection. The right-hand side of (8)
is always finite. Lemma 9 says that (15) holds for alli = 1, . . . , n. Because the scoring
rules are strictly proper,P (Ai|Bi) = R(Ai|Bi) for all i such thatR(Bi) > 0. Since this is
true for every finite subset,R agrees withP on all ofC. Lemma 11 completes the proof.�

5.3.Theorem 3. We have enough assumptions to apply Lemma 10 so that the forecasts
are strongly Bayes. LetR be as in Definition 10. Let{(A1, B1), . . . , (An, Bn)} ⊆ C
be a finite subcollection. We can also apply Lemma 9. For eachi such thatP (Ai|Bi) 6=
R(Ai|Bi) (if there are any), apply Lemma 5 to(g0,Ai , g1,Ai) to conclude thatgk,Ai(P (Ai)) =
gk,Ai(R(Ai)) for k = 0, 1. For all i such thatP (Ai) = R(Ai) (if there are any) we already
havegk,Ai(P (Ai)) = gk,Ai(R(Ai)) for k = 0, 1. Since the finite subcollection was arbitrary,
Conclusion 4 now follows.

5.4. Theorem 2 and its corollaries.The proof of Theorem 2 relies on a general re-
sult from decision theory, a strengthening of the standard minimax theorem based on a
construction of Pearce (1984).
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DEFINITION 11. (LOWER BOUNDARY) Let Ω = {θ1, . . . , θm} be a finite parameter
space and letℵ be an action space. TheRisk setis

R = {(R(C1, δ), . . . , R(Cm, δ)) : δ is a randomized rule}.

The lower boundaryof the risk set is

∂L = {(x1, . . . , xm) ∈ R : yi ≤ xi for all i andyi < xi for somei implies(y1, . . . , ym) 6∈ R}.

The risk set isclosed from belowif ∂L ⊆ R.

THEOREM 7. Let Θ = {θ1, . . . , θm} be a finite parameter space. LetA be an action
space. LetL : Θ × A → IR be a loss function that is bounded below. Leta0 ∈ A be an
action that is not Bayes for even a single prior distribution and such thatL(θj, a0) < ∞
for all j. Then, there exists a randomized rule that strictly dominatesa0. If the risk set for
the decision problem is closed from below, then there is a dominating rule that is a Bayes
rule with respect to some prior.

PROOF. ReplaceL byL′(θj, a) = L(θj, a)− L(θj, a0). ThenL′ is still bounded below
and the risk set is closed from below if and only if the original risk set was closed from
below. The risk function of a randomized ruleδ is

R(θj, δ) =

∫
A
L′(θj, a)δ(da).

The Bayes risk ofδ with respect to a priors = (s1, . . . , sm) is

r(s, δ) =
m∑
j=1

sjR(θj, δ).

The minimax theorem (for example, Theorem 3.77 of Schervish, 1995) says that the deci-
sion problem has a least favorable distributionu = (u1, . . . , um) and a minimax value

inf
δ

sup
j
R(θj, δ) = inf

δ
r(u, δ).

By construction, the nonrandomized rulea0 is an equalizer withL′(θj, a0) = 0 for eachj.
Sincea0 is not a Bayes rule with respect to the least favorable distribution, its expected loss
(namely 0) is strictly greater than the minimax value. Hence, there exists a ruleδ such that
R(θj, δ) < 0 for all j, and so∫

A
L(θj, a)δ(da) < L(θj, a0), for all j.

This completes the proof of the first claim.
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If the risk set is closed from below, it follows from Theorem 3.77 of Schervish (1995)
that there is a minimax ruleδ0 that is also a Bayes rule with respect tou. �

The proof of Theorem 2 begins by noting that we have enough assumptions to apply
Lemma 10, hence there is a finite subcollectionA1, . . . , An such that (8) fails for every
finitely additive probabilityR. Let pi = P (Ai|Bi) for i = 1, . . . , n, and letC1, . . . , Cm
be the distinct nonempty constituents from Definition 6. Letd1, . . . , dm be the total scores
from Definition 7.

The remainder of the proof is split into three cases depending on whether the set

J = {j : dj =∞}

and/or its complement is empty. Together Lemmas 12, 13, and 14 establish Theorem 2.

LEMMA 12. Under the conditions of Theorem 2, ifJ = ∅, the conclusions to Theo-
rem 2 hold.

PROOF. Construct problemA as in Definition 9. The loss function (and risk function)
is

L(Cj, q) =
n∑
i=1

bi(j)gai(j),Ai(qi).

The actionp = (p1, . . . , pn) ∈ O is not Bayes. Apply Theorem 7 to achieve Conclusion 2,
which implies Conclusion 1.

If, in addition, all of the scoring rules are continuous, then the risk set is closed from
below. Apply the last part of Theorem 7 to obtain a dominating ruleδ0 that is also a
Bayes rule with respect to a prioru = (u1, . . . , um). Sinceu is a probability vector, it
corresponds to an essentially unique set of forecasts(r1, . . . , rn) whereri is the conditional
probability ofAi givenBi inferred from the probabilities of the constituents. Specifically,
let R(Ai ∩ Bi) =

∑m
j=1 ai(j)bi(j)uj andR(ACi ∩ Bi) =

∑m
j=1[1 − ai(j)]bi(j)uj so that

R(Bi) =
∑m

j=1 bi(j)uj and

ri =

{
R(Ai∩Bi)
R(Bi)

if R(Bi) > 0,
arbitrary ifR(Bi) = 0.

The Bayes risk ofδ0 is

inf
δ

m∑
j=1

bi(j)uj

∫
O

n∑
i=1

gai(j),Ai,Bi(qi)δ(dq)

= inf
δ

∫
O

n∑
i=1

R(Bi)[rig1,Ai,Bi(qi) + (1− ri)g0,Ai,Bi(qi)]δ(dq).

Each summand inside the integral can be minimized separately byqi = ri, henceδ0 has
the same Bayes risk as the nonrandomized ruler = (r1, . . . , rn). So, we assume thatδ0

is the nonrandomized rule. The risk function for this dominating nonrandomized rule is∑n
i=1 bi(j)gai(j),Ai,Bi(ri) < dj for eachj. Hence we have Conclusion 3.�
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LEMMA 13. Under the conditions of Theorem 2, ifJC = ∅, the conclusions to Theo-
rem 2 hold.

PROOF. Let s1 = · · · = sm = 1/m, and define, fori = 1, . . . , n, Q(Ai ∩ Bi) =∑m
j=1 ai(j)bi(j)sj andQ(ACi ∩Bi) =

∑m
j=1[1− ai]bi(j)sj, so thatQ(Bi) =

∑m
j=1 bi(j)sj.

Then

qn =

{
Q(Ai∩Bi)
Q(Bi)

if Q(Bi) > 0,
arbitrary ifQ(Bi) = 0.

Becauseq1, . . . , qn correspond to a probability, they are coherent1 conditional forecasts and
they have finite total scores in all constituents. Hence, Conclusion 3 holds, which implies
Conclusions 1 and 2.�

LEMMA 14. Under the conditions of Theorem 2, if neitherJ nor JC is empty, the
conclusions to Theorem 2 hold.

PROOF. Because the scoring rules are all finite except possibly at the endpoints, the
only way to get an infinite score is for one of the eventsAi to get an extreme forecast that
is not always correct. That is, eitherpi = 0 butAi 6= ∅ or pi = 1 butAi 6= Bi. (And, of
course, the scoring rule corresponding to(Ai, Bi) has to be unbounded at the appropriate
endpoint.) Define

I = {i : either (g1,Ai,Bi(pi) =∞ andAi 6= ∅) or (g0,Ai,Bi(pi) =∞ andAi 6= Bi)}.

BecauseJ 6= ∅, it follows thatI 6= ∅. For eachi ∈ IC (if any), let (h0,Ai,Bi , h1,Ai,Bi) =
(g0,Ai,Bi , g1,Ai,Bi). For eachi ∈ I, replace(g0,Ai,Bi , g1,Ai,Bi) by Brier score(h0,Ai,Bi(x),
h1,Ai,Bi(x)) = (x2, (1 − x)2). In the remainder of the proof, when we wish to refer to
scores under the original scoring rules, we call them the “g-scores”. When we wish to refer
to scores under the modified scoring rules, we call them the “h-scores”.

Next, we show that the original forecastsp = (p1, . . . , pn) are not weakly Bayes under
theh-scores. Suppose, to the contrary, that they are weakly Bayes under theh-scores. We
have enough assumptions to apply Lemma 10 so that the forecasts are strongly Bayes under
theh-scores. LetR be as in Definition 10, and letr1,i = R(Ai ∩ Bi), r2,i = R(ACi ∩ Bi),
andri = r1,i/(r1,i+r2,i) for i = 1, . . . , n. (If r1,i+r2,i = 0 for somei, thenr1,i/(r1,i+r2,i)
should be interpreted as some arbitrary number in[0, 1].) For eachi = 1, . . . , n, x = pi
must minimizer1,ih1,Ai(x) + r2,ih0,Ai(x). Because theh-scoring rules are strictly proper
for i ∈ I, we must havepi = ri for all i ∈ I such thatr1,i + r2,i > 0. Because all of thepi
for i ∈ I are extreme, it follows thatr1,ih1,Ai(pi) + r2,ih0,Ai(pi) = 0 for eachi ∈ I. The
expected totalh-score forp is then∑

i∈IC
r1,ih1,Ai,Bi(pi) + r2,ih0,Ai,Bi(pi) =

∑
i∈IC

r1,ig1,Ai,Bi(pi) + r2,ig0,Ai,Bi(pi)

=
∑
i∈IC

r1,ig1,Ai,Bi(ri) + r2,ig0,Ai,Bi(ri),(22)
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where the last equality follows from the fact thatri for i = 1, . . . , n also minimize the
expectedg-scores. Becausep is not weakly Bayes under theg-scores, it must be that

n∑
i=1

r1,ig1,Ai,Bi(pi) + r2,ig0,Ai,Bi(pi) >
n∑
i=1

r1,ig1,Ai,Bi(ri) + r2,ig0,Ai,Bi(ri).

Because thepi = ri for i ∈ I are extreme, they contribute 0 to the total expectedg-score.
Hence,∑

i∈IC
r1,ig1,Ai,Bi(pi) + r2,ig0,Ai,Bi(pi) >

∑
i∈IC

r1,ig1,Ai,Bi(ri) + r2,ig0,Ai,Bi(ri).

This contradicts (22), hencep is not weakly Bayes under theh-scores.
Next, apply Lemma 12 to find a (possibly randomized) ruleδ that dominatesp under

theh-scores. Ifδ is a nonrandomized ruleq = (q1, . . . , qn), represent it as a randomized
rule with δ({q}) = 1. The totalh-scores fromδ and the original forecasts are respectively

d′j =
n∑
i=1

∫
O
bi(j)hai(j),Ai,Bi(qi)δ(dq), and d′′j =

n∑
i=1

bi(j)hai(j),Ai,Bi(pi) <∞,

whereO is the action space in the proof of Lemma 12. Letw = minj∈JC (d′′j − d′j), the
minimum amount by whichδ dominates the original forecasts amongst those constituents
where the originalg-scores are finite. Table 2 summarizes some of what we know about
theg-scores ofδ and the incoherent1 forecasts. The reason thatE = 0 is that all of thepi

TABLE 2
Total g-scores for the incoherent1 forecasts and the dominating randomized ruleδ. The
g-scores are expressed in terms of theh-scores when the two agree. The total scores are
split into the contributions fromi ∈ I and fromi ∈ IC .

i ∈ I i ∈ IC
Incoherent forecasts

j ∈ J A =∞ B =
∑
i∈I

bi(j)gai(j),Ai,Bi(pi)

j ∈ JC E = 0 F = d′′j = dj
Dominating Randomized Ruleδ

j ∈ J C =
∑
i∈I

∫
A
bi(j)gai(j),Ai,Bi(qi)δ(dq) D =

∑
i∈IC

∫
A
bi(j)hai(j),Ai,Bi(qi)δ(dq)

j ∈ JC G =
∑
i∈I

∫
A
bi(j)gai(j),Ai,Bi(qi)δ(dq) H =

∑
i∈IC

∫
A
bi(j)hai(j),Ai,Bi(qi)δ(dq)

for i ∈ I are extreme and they contribute either 0 or∞ to each total score. Forj ∈ JC ,
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the total score is finite, hence allpi for i ∈ I must contribute 0 to the total score. It follows
thatE = 0 andF = dj. The reasondj = d′′j is that theg-scores andh-scores are the same
for all i ∈ IC . In addition, we know thatD < d′′j , henceD < ∞. Also,H ≤ F − w.
If we knew thatG < w, then we would know thatδ weakly dominates the incoherent1

forecasts under theg-scores. If, in addition, we knew thatC < ∞, then we would know
that δ strictly dominates the incoherent1 forecasts under theg-scores. Even if these two
facts are not true, we notice thatC andG depend only on the distribution (underδ) of the
ith coordinates ofq for i ∈ IC . If we change the joint distribution of these coordinates
without affecting the joint distributions of the other coordinates, none of the other numbers
in Table 2 is affected. We proceed now to replaceδ by another randomized ruleδ′ in order
to makeG < w, and if Assumption 2 holds for all scoring rules,C <∞.

First, consider the case in which we do not assume that every scoring rule satisfies
Assumption 2. Defineδ′ as follows. The joint distribution of{qi : i ∈ IC} is the same as
that of δ. Underδ′, qi = pi with probability 1 for alli ∈ I. With this change, we have
C = A =∞ andG = E = 0. Hence, Conclusion 1 holds becauseG+H < E + F while
A+B = C +D.

Next, assume that Assumption 2 holds for all scoring rules. Letv = w/(2n). Under
Assumption 2, eachgk,Ai,Bi(x) is continuous atx = k andgk,Ai,Bi(k) = 0 for k = 0, 1. For
eachi and eachk = 0, 1, let tk,i 6∈ {0, 1} be close enough tok so thatgk,Ai,Bi(tk,i) ≤ v.
Let δ′ be defined as follows. The joint distribution of{qi : i ∈ IC} is the same as that ofδ.
Underδ′, qi = tpi,i with probability 1 for alli ∈ I. With this change, we have thatC <∞
becauseδ′ gives 0 mass to extreme forecasts in the coordinates inI. Also, for j ∈ JC ,
G ≤ nmaxi∈I gai(j),Ai,Bi(tpi,i) ≤ nv = w/2. So, Conclusion 2 holds.

Finally, suppose that all of theg-scoring rules are continuous. Then all of theh-scoring
rules are continuous, and all of the randomized rules above are nonrandomized. If the non-
randomized ruleq is coherent, the proof is complete. If the forecasts inq are not coherent1

but are weakly Bayes, then Theorem 3 says that there are coherent1 forecasts that have
the same total score in every constituent and hence strictly dominatep. If q are neither
coherent1 nor Bayes, at least they produce finite score in every constituent, and they strictly
dominatep1, . . . , pn. Now, apply Lemma 12 toq producing another nonrandomized rule
that is coherent1 and strictly dominatesq and hence strictly dominatesp, so that Conclu-
sion 3 holds.�

PROOF OF COROLLARY 1. If the forecasts are coherent3, no randomized forecast
dominates the forecasts. The contrapositive of the second part of Theorem 2 says that the
forecasts are weakly Bayes.

If the forecasts are weakly Bayes, Lemma 1 says that the forecasts are coherent3. �
PROOF OFCOROLLARY 2. If the forecasts are coherent3, no nonrandomized forecast

dominates the forecasts. The contrapositive of the third part of Theorem 2 says that the
forecasts are weakly Bayes.

If the forecasts are weakly Bayes, Lemma 1 says that the forecasts are coherent3. �
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5.5. Theorem 1. Assume that we have conditional forecasts for the pairs of events in
a collectionC and that the forecast for each pair(A.B) ∈ C is scored by a strictly proper
scoring rule(g0,A,B, g1,A,B) that satisfies Assumptions 1 and 2. Every strictly proper scoring
rule satisfies Assumption 3.

For the first claim in Theorem 1, apply Corollary 1 to conclude that the forecasts are
coherent3 if and only if they are weakly Bayes. For the second claim, apply Corollary 2 to
conclude that the forecasts are coherent3 if and only if they are weakly Bayes.

For either claim, apply Lemma 2 to conclude that forecasts are weakly Bayes if and
only if they are coherent1.

6. Discussion. We have given sufficient conditions for a set of incoherent (Defini-
tion 1) forecasts to be weakly or strictly dominated (according to proper scoring rules) by
either a coherent1 set of forecasts or by something else. Our conditions are not necessary.
On the other hand, for each of our conditions, we have provided an example to show that
the condition cannot be eliminated without replacing it by some other condition that would
rule out the example. For example, the condition in Theorem 2 that all of the merely proper
scoring rules satisfy Assumption 2 is stronger than needed. With some extra work, one
could prove that the only merely proper scoring rules that need to satisfy Assumption 2 are
the ones that are flat either on the interval(0, ε) or on the interval(1− ε, 1) for someε > 0.
(See Example 3 to see what can go wrong if Assumption 2 fails for such a scoring rule.)
The basic idea is that, so long as the setD in (16) doesn’t contain a sequence of points
{(e1,n, e2,n)}∞n=1 with limn(e1,n + e2,n) > 0 ande1,n/(e1,n + e2,n) arbitrarily close to one of
the endpoints, the functioǹ∗i (r) defined in the proof of Lemma 10 will be continuous at all
r that matter. As another example, the reader will note that our theorems do not make any
assumptions on the types of events being forecast or on the particular not weakly Bayes
forecasts (aside from them not being weakly Bayes). Hence, we find that, in the proof of
Lemma 13, we obtain the strongest Conclusion 3 without assuming continuity of scoring
rules so long as the original forecasts have infinite score in every constituent. Similarly, in
Lemma 12, we obtain Conclusion 2 without assuming that any of our scoring rules satisfy
Assumption 2. It is only in Lemma 14 that we make use of which scoring rules satisfy
Assumption 2. But the distinction between these three lemmas is based on the forecasts
and we wanted the conclusions to Theorem 2 to hold for all forecasts simultaneously.

One somewhat surprising result that we found is the distinction between the conditions
under which Conclusions 1 and 2 hold. Whether or not we can guarantee weak dominance
does not depend on whether or not we are using merely proper scoring rules, but rather
on a continuity property of the strictly proper scoring rules (Assumption 2). Lieb et al.
(2007) claim that, if one uses continuous merely proper scoring rules, one can guarantee
a weakly dominating coherent1 set of forecasts. In reality, one gets either a strictly dom-
inating coherent1 set of forecasts (via the third part of Theorem 2) or a coherent1 set of
forecasts with identical scores (via Theorem 3). There is no middle ground in which one
can only achieve weakly dominating but not identical scores.

Despite not having a complete characterization of all cases in which each of the four
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conclusions holds, we believe that we have delineated the cases very thoroughly. Our
theorems apply regardless of which events are being forecast, regardless of what forecasts
are given, and regardless of which proper scoring rule is used to score each event (so long
as every scoring rule satisfies the conditions of the relevant theorem).

Our main results are formulated for forecasting events, where events are identified with
their indicator functions. However, we noted in the introduction that de Finetti used Brier
score to establish the equivalence between coherence1 and coherence2 of a set of previ-
sions over the class of bounded variables, measurable with respect to some common mea-
surable space. Our Theorems 6 and 7, on which relies the proof of our main result, apply
to bounded random variables and general loss functions, not merely indicators for events.
Thus, we have reason to explore generalizations of our principal results for forecasting
bounded variables with proper scoring rules. The first thing that we would need is a gen-
eral definition of proper scoring rule for bounded random variables. If we are interested
only in scoring previsions, suppose thatX is a bounded random variable andx is a pro-
posed prevision. The score could be some functiong(X, x). We could callg proper if
for every bounded random variableX, E[g(X, x)] is minimized byx = P (X). Some
guidance in this direction is provided by Savage (1971). We conjecture that a collection of
previsions for bounded random variables is coherent1 if and only if it is impossible to find
an alternative collection of possible previsions which lead to uniformly smaller total score.

On a final note, we should say something about the impact of conditional previsions
given events whose probabilities are or could be coherently assigned as 0. For example, if
one assigns only two previsions,P (A1|B) = 0.9 andP (A2|B) = 0.7. Suppose also that
B 6= Ω andA1 ∩ A2 = ∅. These previsions are coherent1 because no book can be made
against them. BecauseB 6= Ω, Theorem 5 allowsP (B|Ω) = 0. However, one might be
uncomfortable giving conditional probabilities (conditional on the same event) to disjoint
events that add up to more than 1. Krauss (1968) and Dubins (1975) show that for every
finitely additive probability there exists a collection of coherent1 conditional previsions that
also satisfies the axioms of probability conditional on events with 0 prevision. That is,

P (·|B) is a probability for everyB 6= ∅,
P (B|B) = 1, for everyB 6= ∅,

P (A ∩ C|B) = P (C|B)P (A|B ∩ C) for all A,B, andC such thatB ∩ C 6= ∅.

In this paper, we have not required that conditional previsions satisfy these additional re-
quirements whenP (B|Ω) = 0 is either stated or allowed (by extension). The reason is
that the equivalence between coherence1 and coherence3 does not depend on whether the
additional requirements hold. We conjecture that, if one further restricted the concept of
coherence1 to require such additional properties, then one could modify the concept of
coherence3 to remain equivalent. The modification would need to prevent strict dominance
on certain events related to those on which various previsions were conditioned.
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