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Overview of Lectures

• Lecture #1: Deductive Support

∗ The Classical Definition of Deductive Support and Two “Anomalies”
∗ “On the supposition that”vs “And” in Deductive Logic
∗ Toward a Quantitative Measure of Logical Support

• Lecture #2: Inductive Support as a Generalization of Deductive Support

∗ Two Naive Attempts at Generalization& The Received View
∗ “On the supposition that”vs “And” in Inductive Logic
∗ Several Logical Desiderata& Our Explicatum

• Lecture #3: Measures of Inductive Support and Bayesian Confirmation

∗ The Problem of Measure Sensitivity in Bayesian Confirmation Theory
∗ Narrowing the Field of Bayesian Relevance Measures
∗ Further Desiderata& Another Path to Our Explicatum

• Time permitting: Postscripts& Details
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Deductive Support I: The Classical Definition

• According to Classical Deductive Logical Theory (for simplicity, I’ll stick to
propositional or sentential logic in these lectures, which is hard enough!):

E deductively supportsH iff it is impossible thatboth:
∗ E is true,and

∗ H is false.

• I will write “ E � H” for “ E deductively supports (orentails) H.” The theory of
(sentential) deductive support presupposes aBoolean algebra B of (atomic)
propositions (a, b, c, . . .), closed under &,¬,∨,→ (�,⊥ ∈ B constants).

• So,E � H is shorthand for E �B H, which means that —in B — E & ¬H has

the same truth table as a contradiction ⊥ = p & ¬p (some atomicp ∈ B).

• This relativity of� to B is important. ConsiderE = “John is a bachelor” and
H = “John is unmarried”. If, inB, we can expressE as ‘m & u’ and H as ‘u’,
thenE �B H. But, if B is more “coarse grained” (E = e, H = h), E �B H.
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Deductive Support II: Two “Anomalous” Instances

• On the classical definition of deductive support, we have (∀X,Y ∈ B):

X & ¬X deductively supportsY (since⊥ � Y)(1)

X deductively supportsY ∨ ¬Y (sinceX � �)(2)

• These two “anomalous” cases of deductive support have generated a great
deal of controversy. Case (1) spawned the (now vast) field ofRelevance Logic
[1], and case (2) has inspired various forms ofIntuitionism [10].

• These controversies are quite understandable. In what sense does a
contradictionsupport an arbitrary proposition? And, in what sense does an
arbitrary propositionsupport a tautology? We’ll return to these later.

• I will not discuss the non-Boolean accounts of deductive support that have
been presented in the literature. I will argue that there isno need to move to a
“non-Boolean logic” to avoid these anomalies in the theory ofsupport.
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Deductive Support III: Moving Toward “Quantitative” Support

• Here’s a measure of the “degree to whichE deductively supportsH (in B)”:

Definition. Let δB(H, E) be the degree to whichE deductively
supportsH (in B). We defineδB(H, E) precisely as follows:

δB(H, E) =df



= +∞ if E �B H,

0 if E �B H andE �B ¬H,

= −∞ if E �B ¬H andE �B H.

• δB is not very interestingquantitatively, since it can only take on3 values.
But, it will be useful for my lectures to begin withδB as the simplest, most
naive (classical) measure of (propositional) “degree of logical support”.

• Moreover, working withδB will greatly simplify certain key concepts and
distinctions I will be presenting and generalizing below.

• I will begin with two such “applications” ofδB.
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Deductive Support IV: “On the Supposition That” vs “And”

• Consider the following two quantities:

∗ The degree to whichE supportsH, on the supposition that (given)K.
∗ The degree to whichE & K supportsH.

• In the classical deductive framework, we can express these two quantities
formally usingδB (with “ | ” for “given that”), respectively, as follows:

∗ δB(H, E |K)
∗ δB(H, E & K) [this can also be expressed asδB(H, E & K | �)]

• But, we can say much more than this. For, in the classical deductive
framework, these two quantities are in factidentical! That is:

(3) δB(H, E |K) = δB(H, E & K)

• In classical deductive logic, saying thatE entailsH on the supposition that K

just means thatE andK arejointly sufficient for H (i.e., thatE & K �B H).
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Deductive Support V: Independent vs Dependent Support I

• In many logic texts, a distinction is made between “independent” and
“dependent” premises in arguments (first in [2], later in [9], [33,§1.6]).

• The following informal definition is typically given, and I will adopt it here.

Definition. E1 andE2 constituteindependent evidence regardingH iff
the degree to whichE1 supportsH on the supposition that E2 equals
the degree to whichE1 supportsH unconditionally, and vice versa.a

• In our classical deductive framework, this leads to the following notion:

Definition. E1 andE2 aredeductively independent regardingH iff
δB(H, E1 | E2) = δB(H, E1) andδB(H, E2 | E1) = δB(H, E2).

• In deductive logic, this is a rather trivial notion (partly because there is no
distinction between “on the supposition that” and “and”). But, there are a few
things I would like to point out now, which will become very important later.

aThere may suppositionsother than E1 andE2 in a given context. We will hold these fixed.
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Deductive Support VI: Independent vs Dependent Support II

• In logic texts, one often sees “network diagrams” like these (e.g., [33,§1.6]):

E
2

E
1

H

Independent Dependent

H

E
2

E
1

+

• In the deductive case, the following two examples suffice to cover the cases:

Independent Dependent

p

p & q p & r

p

q+q p

• Note: δB(p, p & q | p & r) = δB(p, p & q & r) = δB(p, p & q) = ∞. But,
δB(p, q→ p | q) = δB(p, (q→ p) & q) = ∞ � δB(p, q→ p) = δB(p, q) = 0.
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Deductive Support VII: Independent vs Dependent Support III

• In 1878, C.S. Peirce [47] articulated several fundamental intuitions about
independent support. There, he said (my bastardization in brackets):

Two arguments which are. . . independent, neither weakening nor strengthening

the other, ought, when they concur, to produce a [degree of support] equal to

the sum of the [degrees of support] which either would produce separately.

• Peirce was talking about “intensity of belief” (and not necessarily degree of
support). But, let’s think about what he’s saying in terms of a generic measure
c of degree of support or degree of confirmation (an “inspirational” reading).

• On this reading, Peirce gives anindependence-additivity desideratum for
adequate measuresc. In our framework, we can express this desideratum as:

(A) If E1 andE2 provide independent support regardingH, according to
a support measurec, thenc(H, E1 & E2) = c(H, E1) + c(H, E2).

• How does our measure of deductive supportδB perform regardingA?
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Deductive Support VIII: Independent vs Dependent Support IV

• As it turns out,δB (trivially) satisfies desideratumA. Here are the cases.

E1 �B H E1 �B ¬H E2 �B H E2 �B ¬H δB (H, E1 & E2) δB (H, E1) δB (H, E2)
True True True True +∞+∞+∞ +∞+∞+∞ +∞+∞+∞
True True True False +∞+∞+∞ +∞+∞+∞ +∞+∞+∞
True True False True +∞ +∞ −∞
True True False False +∞ +∞ 0
True False True True +∞+∞+∞ +∞+∞+∞ +∞+∞+∞
True False True False +∞+∞+∞ +∞+∞+∞ +∞+∞+∞
True False False True +∞ +∞ −∞
True False False False +∞ +∞ 0
False True True True +∞ −∞ +∞
False True True False +∞ −∞ +∞
False True False True −∞−∞−∞ or +∞ −∞−∞−∞ −∞−∞−∞
False True False False −∞ or +∞ −∞ 0
False False True True +∞ 0 +∞
False False True False +∞ 0 +∞
False False False True −∞ or +∞ 0 −∞
False False False False 000 or+∞ or −∞ 000 000
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Deductive Support IX: Summarizing Things to This Point

• We began with the notion of (propositional, Boolean) deductive logical
support. We saw that it had two particularly peculiar properties.

∗ Contradictions deductively support arbitrary propositions.
∗ Arbitrary propositions deductively support tautologies.

• We defined a “quantitative measure”δB of “degree of deductive support in
structureB”. And, we saw that it had the following peculiar property.

δB(H, E |K) = δB(H, E & K)

∴ No deductive distinction between “given that” and “and”.

• We gave a precise definition of the (Peirceian) notion: “E1 andE2 provide
independent support regardingH, according to measure of supportc”:

c(H, E1 | E2) = c(H, E1) andc(H, E2 | E1) = c(H, E2)
⇒A c(H, E1 & E2) = c(H, E1) + c(H, E2)

• And, we saw thatδB satisfies Peirce’s independence-additivity desideratumA.
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Inductive Support I: Some Historical/Motivating Remarks

• Keynes [37] and Carnap [7] were both interested in explicating aninductive

(but still logical) concept of “confirmation” or “support”. Though their
explications ultimately failed, some of their desiderata were quite sensible.

• The basic ideas behind these early treatments of inductive support included:

∗ Inductive support should be alogical (or, at least,a priori andobjective)
relation between propositions (or, if you prefer, sentences).
∗ The correct explication of inductive support should involveprobability.
∗ In some sense, inductive support should be a (truly)quantitative

generalization of the notion ofdeductive support, captured byδB.

• I sympathize with all three of these fundamental motivating ideas. And, I will
show, below, how they canall be satisfied in a rather simple and intuitive way.

• But, first, I’d like to discuss some naive (and inadequate) attempts to satisfy
these desiderata, including the “received view” of inductive strength.
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Inductive Support II: Naive Approach #1

• As Brian Skyrms [57, ch. 2] nicely explains, one might try to define

(propositional) inductive supportvia the followingnaive generalization of the

definition of deductive support (here, we are still being informal):

Naive Approach #1. E inductively supportsH⇔ it is improbable that:

∗ E is true,and

∗ H is false.

• Skyrms [57, p. 20–21] gives two examples which show that the⇐ direction of

this definition is not correct, intuitively. Here’s the first one (noteH � E here).

• Let E = “There is a 2000-year-old man in Cleveland,” andH = “There is a
2000-year-old man in Cleveland who has three heads.” As Skyrms explains:

It is improbable forH to be falseand E true. ForH to be false andE true, there would
have to be a non-three-headed 2000-year-old man in Cleveland, and it is quite
improbable that that there isany 2000-year-old man in Cleveland. Thus, it is improbable
thatH is falseand E true,simply because it is improbable that E is true.
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Inductive Support III: Naive Approach #1, cont’d

• Let E = “There is a man in Cleveland who is 1999 years and 11-months-old
and in good health,” andH = “No man will live to be 2000 y.o.” This time:

. . . it is improbable thatE is trueand H false,simply because it is improbable that H is
false . . . it is improbable thatH is false and consequently thatH is falseand E true.

• According to Skyrms, the reason why these are not genuine cases of inductive
support is that, in each case, Pr(¬H & E) is low, but Pr(¬H | E) is not low.
That is, (intuitively)¬H is not improbableon the supposition that E.

• Note: these are both examples in whichE & ¬H is (intuitively) improbable,
but merely because either E or ¬H alone is improbable. There seems to be no
relation of support here (reminiscent of “anomalous” deductive cases!).

• While I agree with Skyrms about the inadequacy of this naive definition, I do
not think he has chosen the best examples to illustrate itsinsufficiency.

• Also, Skyrms fails to mention that the improbability ofE & ¬H is a necessary

condition for inductive support (even on his own definition!).
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Inductive Support IV: Naive Approach #2 — “The Received View” I

• Skyrms proposes an alternative approach to inductive support. His approach,

which can safely be called the “Received View,” is (still informally):

Naive Approach #2. E inductively supportsH ⇔ it is improbable that

H is falsegiven that (or on the supposition that) E is true.

• At this point, we need to introduce someprobability theory into the mix.

• A (propositional)probability model M consists of a Boolean AlgebraB of

propositions, together with a function Pr fromB onto [0,1] such that:

Non-negativity. For all X ∈ B, Pr(X) ≥ 0.

Normalization. For all X ∈ B, if X is tautologous, then Pr(X) = 1.

Additivity. For all mutually exclusiveX,Y ∈ B, Pr(X ∨ Y) = Pr(X) + Pr(Y).

• And, following Kolmogorov [38] (for now), I define: Pr(X |Y) =df
Pr(X&Y)

Pr(Y) (if

Pr(Y) > 0). By “the probability ofH given that E” Skyrmsmeans Pr(H | E).
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Inductive Support V: Naive Approach #2 — “The Received View” II

• Now, we can more precisely compare the two naive approaches so far:

∗ Naive Approach #1. E inductively supportsH ⇔ Pr(¬H & E) is “low”.
∗ Naive Approach #2. E inductively supportsH ⇔ Pr(¬H | E) is “low”.

• So, the reason Skyrms rejects the first approach is that there are cases in
which (intuitively) Pr(¬H & E) is “low”, but Pr(¬H | E) is not “low”.

• But, it is interesting to note that, forany probability modelM (check this!):

PrM(¬H | E) < ε ⇒ PrM(¬H & E) < ε.

• Therefore, “Pr(¬H & E) is ‘low”’ is a necessary (but insufficient) condition for
inductive support —according to Skyrms’ own theory of inductive support!

• In fact, I will later argue that “Pr(¬H & E) is ‘low”’ is a necessary condition
for inductive supporton any reasonable (Pr) theory of inductive support!

• Now, let’s get a bit deeper into Skyrms’ proposal (The Received View).

SJSU Philosophy Presented @ Konstanz 09/16/02



Branden Fitelson Lectures on Inductive Logic & Confirmation 16✬

✫

✩

✪

Inductive Support VI: Naive Approach #2 — “The Received View” III

• It seems clear to me that we can run something like Skyrms’ critical
arguments againsthis own definition of inductive support.

• E = “Fred Fox (who is male) takes birth control pills for 1 year,”H = “At the
end of that year, Fred Fox is not pregnant.” Intuitively, we can say:

It is improbable thatH is falsegiven that E is true,simply because it is

improbable that H is false simpliciter. E has nothing to do with it.

• That is to say (intuitively), Pr(¬H | E) is “low,” but this has nothing to do with

E. Intuitively, E is irrelevant to H, and for this reasonE doesnot support H.

• To be a bit more precise (though still only intuitive), it seems to me that:

Pr(H | E) = Pr(H)

i.e., thatE andH are (intuitively)probabilistically independent.

• It is this fact that undergirds my claim that (intuitively)E doesnot supportH
in the Fred Fox example. It seems that Skyrms’ definition isinsufficient (�).
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Inductive Support VII: Naive Approach #2 — “The Received View” IV

• These considerations suggest the following (informal)desideratum (many
authors discussR — [48], [7, new preface] and [40] are early examples).

(R) E inductively supportsH ⇒ E is not (probabilistically)irrelevant to H.

• Neither of the naive probabilistic proposals for generalizing the notion of
deductive support satisfy thisrelevance desideratumR (check this!).

• As we’ll see below,all of the contemporaryBayesian accounts of
confirmation or inductive supportdo (a fortiori) satisfyR.

• Here’s a more careful rendition ofR (we’ll makeR even more precise later).

(R) E inductivelysupports H in model M⇒ PrM(H | E) > PrM(H).
E inductivelycounter-supportsH in model M⇒ PrM(H | E) < PrM(H).
E is inductivelyirrelevant to H in model M⇒ PrM(H | E) = PrM(H).

• Before continuing toward our general theory of support, let’s backtrack briefly
and consider how the naive accounts do on the three historical desiderata.
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Inductive Support VIII: Keeping Score on the Historical Desiderata I

• Let’s recall the three historical/motivating desiderata.

(i) Inductive support should be alogical (or, at least,a priori andobjective)
relation between propositions (or, if you prefer, sentences).

(ii) The correct explication of inductive support should involveprobability.

(iii) In some sense, inductive support should be a (truly)quantitative

generalization of the notion ofdeductive support, captured byδB.

• I will be discussing (i) later on (Note: Skyrms’ approach may fail here).

• As far as (ii) is concerned, both of the naive approaches use probability to
explicate inductive support. So, we can’t fault them onthis score.

• Let’s be a bit more precise about (iii). Let’s require (if cM is well-defined):

(K) cM(H, E) should be


maximal if E �B H

minimal if E �B ¬H.
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Inductive Support IX: Keeping Score on the Historical Desiderata II

• We can define measures of support using each of the naive ideas, as follows.

∗ c1
M

(H, E) =df 1− PrM(¬H & E).
∗ c2

M
(H, E) =df 1− PrM(¬H | E) = PrM(H | E).

• Now, let’s see howc1
M

andc2
M

do with respect toK (if they’re well-defined).

c1
M

(H, E) =


1 (maximal) ifE �B H

PrM(¬E) (not minimal) if E �B ¬H.

c2
M

(H, E) =


1 (maximal) ifE �B H

0 (minimal) if E �B ¬H.

• This exposes another deficiency in the first naive approach to inductive
support. The first naive approach doesnot generate a measure which properly
generalizes δB. On the other hand, The Received Viewdoes satisfy (iii).

• Next, we inch closer to a general, rigorous probabilistic theory of support . . .
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Inductive Support X: Back to “Given That,” “And,” and “Independence” I

• In probability theory, there is abig difference between “given that” and “and”.
As a result, probabilistic measures of supportc will generally be such that

c(H, E |K) � c(H, E & K).

• cM(H, E |K) denotesthe degree to which E inductively supports H given
that (on the supposition that) K, in probability model M, according to
measure c. This is (inherently — see below) afive-place function.

• In general,c will, in turn, be defined in terms of the probability function PrM

specified in the model M. We obtaincM(H, E |K) from cM(H, E) via

conditionalizing all occurrences of PrM in the definition ofcM on K.

• Crucial Note: You cannot think of a subscriptedM in cM or PrM as
involving conditionalization onM (M is merely anindex!). This is because:

PrM(X) � Pr?(X |M).

• M � B! “Pr(X |M)” is nonsense! M indexes the probability function PrM.
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Inductive Support XI: Back to “Given That,” “And,” and “Independence” II

• Now, we’re ready to make our relevance desideratumR fully general and
quantitative. R is best understood as a desideratum onmeasures of support:

(R) cM(H, E |K) should be



> 0 if PrM(H | E & K) > PrM(H |K)

0 if PrM(H | E & K) = PrM(H |K)

< 0 if PrM(H | E & K) < PrM(H |K)

• Measures satisfyingR are calledrelevance measures. We will seemany

relevance measures in our discussion of Bayesian confirmation, below.

• We can also now give a fully rigorous definition of “E1 andE2 provide
independent support regarding H in a modelM, according to measurecM.”

Definition. E1 andE2 provideindependent support regarding H in a
probability modelM, according to a measure of supportcM iff
cM(H, E1 | E2) = cM(H, E1) andcM(H, E2 | E1) = cM(H, E2).a

aThere may suppositionsother than E1 andE2 in a given context. These are assumed to beheld fixed
in independence judgments concerningE1 andE2. We’ll see examples of such judgments, below.
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Inductive Support XII: A General Measure of Support

• Consider the following relevance measure of the degree to whichE supports
H given that (on the supposition that)K, in probability modelM:

lM(H, E |K) =df log
[

PrM(E |H& K)
PrM(E | ¬H& K)

]
.

• The measurelM is called thelog-likelihood-ratio measure.lM has been used
and defended by several authors (see [26], [24], [21] and references therein).

• We’ll see below thatlM hasmany desirable (and unique) properties (relative
to other relevance measures). For now, note that (exercises: prove these!):

∗ lM satisfiesall the historical desiderata (including thedeductive K).
∗ lM satisfies the relevance desideratumR.
∗ lM satisfies Peirce’s independence-additivity desideratumA.
∗ lM is silent (undefined) onboth “anomalous” deductive cases.

• I’ll return to some of these later. Next, I’ll discuss Bayesian confirmation.
But, first, a sidebar on subjectivity, objectivity, logic, and probability.
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Sidebar: Subjectivity, Objectivity, Logical Support, and Probability I

• Carnap (early on) thought that providing alogical theory of support required
explaining howlogic alone can determine probability values PrL(X |Y).

• Carnap (initially)identified the degree to whichE confirms (logically

supports) H given thatK with PrL(H | E & K), where PrL is “logical.”

• He spent most of his life trying to explicate the notion of “logical probability”
PrL(X |Y) (“probabilities determined bylogical structure alone”).

• The idea was that if we could determine the values of PrL(H | �), then we
could determine the degree of support provided forH any conjunction of

propositions, simply byconditionalizing PrL(H | �) on them.

• He never succeeded in explicating his PrL(H | �). The consensus now seems
to be that this is all but hopeless (see [41], [42], [15] and [3] for discussion).

• I think this is acategory error. In the Boolean case, there’s no such thing as
“PrB(H)”. The deductive structureB containsno probabilistic information!
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Sidebar: Subjectivity, Objectivity, Logical Support, and Probability II

• In order to determineprobabilities, one needs aninductive structure. That is,
one needs aprobability model M. A deductive structureL isn’t enough.

• A theory of inductive logic need not provide a recipe for producing
probabilities from deductive structure alone. Indeed, there is no such recipe!

• The theory of inductive support I’m sketching is stillobjective (and if you like
a priori). Once a probability modelM is specified, the relations of inductive
support —in M — areobjectively (deductively!) determined.

• At this point, you probably want to ask: “But, where do themodels M come
from?” This is a good question, but is it alogical question?

• It needn’t be the business of inductivelogic to tell us which probability
models we should use. Thelogic of inductive support ismodel-relational.

• Some models may involve “subjective” elements (see below), but this doesn’t
make therelations within those models subjective ora posteriori. To wit . . .
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Bayesian Confirmation I: Some Background I

• Bayesianism (i.e., Bayesianepistemology) assumes that the degrees of belief

(or credence) of rational agents areprobabilities (for now, Kolmogorov [38]).

• PrMa (H) denotes the unconditional probability ofH in the probability model

set-up by the rational Bayesian agent a’s degree of belief structure.

• PrMa (H | E) denotes the conditional probability ofH given that (oron a’s

supposition that) E in the probability model set-up by the rational Bayesian

agent a’s degree of belief structure. Note: this can all besynchronic.

• There is much controversy over whether rational degrees of belief really are

probabilities, and over the objective status and origins ofprior probabilities

(or themodels Ma!). For now, all such questions will be bracketed.

• To simplify and focus the discussion (for now), I will assume (arguendo!) that

all rational Bayesian agents share asingle probability function (and model) Pr.
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Bayesian Confirmation II: Some Background II

• In Bayesian confirmation theory, evidenceE confirms (or supports) a
hypothesisH (givenK) if E andH are positively correlated under Pr(· |K).

• If E andH are negatively correlated under Pr(· |K), thenE disconfirms (or
counter-supports)H (givenK), and if E andH areindependent under
Pr(· |K), thenE is confirmationallyneutral regardingH (givenK).

• Within (Kolmogorov! [16]) probability theory, there are manylogically

equivalent ways of saying thatE confirmsH (givenK). Here are a few:

∗ E confirmsH (givenK) if Pr(H | E & K) > Pr(H |K).
∗ E confirmsH (givenK) if Pr(E |H & K) > Pr(E | ¬H & K).
∗ E confirmsH (givenK) if Pr(H | E & K) > Pr(H | ¬E & K).

• By taking differences, ratios,etc., of the left/right sides of these alternative
inequalities, aplethora of possiblequantitative (relevance) measures of the
degree to whichE confirms (or supports)H can be formed.
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Bayesian Confirmation III: Four Popular/Representative Contemporary Measures

• Dozens of Bayesian relevance measures have been proposed in the
philosophical literature (see [39] for a survey). Here are four popular ones.a

∗ Difference: d(H, E |K) =d f Pr(H | E & K) − Pr(H |K)

∗ Log-Ratio: r(H, E |K) =d f log

[
Pr(H | E & K)

Pr(H |K)

]

∗ Log-Likelihood-Ratio: l(H, E |K) =d f log

[
Pr(E |H & K)

Pr(E | ¬H & K)

]

∗ “Normalized” d: s(H, E |K) =d f Pr(H | E & K) − Pr(H | ¬E & K) = 1
Pr(¬E |K) · d(H, E |K)

• Logs are taken to ensure easy satisfaction of desiderataR andA (how?). They
are merely a useful convention (they’re inessential, but they simplify things).

• The first part of our story concerns thedisagreement exhibited by these
measures, and its ramifications for Bayesian confirmation theory . . .

aUsers ofd include [12], [11], and [34]. Users ofr include [31], [43], and [32]. Users ofl include
[26], [56], and [21]. Users ofs include [35] and [8]. See [16], [19], and [21] for further references.
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Bayesian Confirmation IV: Disagreement Between Alternative Measures

• What kind of disagreement between relevance measures is important?

• Merenumerical (or conventional or syntactical) differences between
measures are not important, since they need not effectordinal judgments of
what is more/less well confirmed than what (by what).

• Ordinal differences are crucial, since they can effect the cogency of many
arguments surrounding Bayesian confirmation theory.

• For instance, it is part of Bayesian lore that the observation of a black raven
(E1) confirms the hypothesis (H) that all ravens are blackmore strongly than

the observation of a white shoe (E2) does (given “actual corpus”K).

• But, given the standard background assumptions (K) in Bayesian accounts of
Hempel’s ravens paradox, this conclusion [c(H, E1 |K) > c(H, E2 |K)] follows
only for some measures of confirmationc (andnot others).

• Such arguments are said to besensitive to choice of measure [19].
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Bayesian Confirmation V: The Problem of Measure Sensitivity

• A detailed study of the literature shows thatvirtually every argument

involving quantitative Bayesian confirmation theory is sensitive to choice of
measure [19]! Below, I’ll discuss the measure sensitivity of the following:

∗ The Popper-Miller ArgumentAgainst Bayesianism
∗ Rosenkrantz and Earman on the Problem of “Irrelevant Conjunction”

∗ Eells and Sober on Goodman’s “Grue” Paradox
∗ Horwich et al. on Hempel’s Ravens Paradox
∗ Horwich et al. on the Confirmational Value of Varied Evidence

∗ Earman on the problem of old evidence

• There are many other important measure-sensitive arguments [6], [4], [5].

• One needn’t gerrymander or comb the historical literature for Bayesian
relevance measures which fail to undergird these arguments.

• Each of these arguments is valid with respect toonly some of d, r, l, ands.
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Bayesian Confirmation VI: The Popper-Miller Argument Against Bayesianism

• It isn’t just arguments/accountswithin Bayesian confirmation theory that are
sensitive to choice of measure. Some well-knowncriticisms of Bayesianism
also rest on measure sensitive arguments.

• Most famously, Popper and Miller ([50], [22]) use the following property of
the difference measured to argueagainst Bayesianism (generally):

(4) d(H, E) = d(H ∨ E, E) + d(H ∨ ¬E, E).

• As it turns out, neither the log-ratio measurer [51], nor the
log-likelihood-ratio measurel [27] satisfies property (4) (check this!).

• ∴ The Popper-Miller argument issensitive to choice of measure.

• In the absence of reasons to think thatd is a more accurate (and charitable)
reconstruction of Bayesian confirmation theory than eitherr or l, the
Popper-Miller argument remains (at best)enthymematic.
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Bayesian Confirmation VII: Rosenkrantz on “Irrelevant Conjunction”

• Rosenkrantz [55] provides a Bayesian resolution of the problem of
Irrelevant Conjunction (a.k.a., the Tacking Problem) which trades on
the following property of the difference measure:

(5) If H � E, thend(H & X, E) = Pr(X |H) · d(H, E).

• Neitherr nor l satisfies property (5) [17].

• Rosenkrantz does provide some (pretty good) reasons to rejectr.
However, he [54] explicitly admits that he knows of “no compelling
considerations that adjudicate between”d andl.

• So, it is (at best) unclear how one might consistently complete
Rosenkrantz’s enthymematic treatment of the tacking problem.

• What’s worse, as I will explain later, I think there are good reasons to
favor l over d as a measure of support.
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Bayesian Confirmation VIII: Earman on “Irrelevant Conjunction”

• Earman [11] gives a more robust resolution of the tacking problem which

requires only the following logically weaker cousin of (5):

(5′) If H � E, thend(H & X, E) < d(H, E).

• r violates even this weaker condition, butl satisfies (5′) [17].

• In this sense, Earman’s account isless sensitive to choice of measure (i.e.,

more robust) than Rosenkrantz’s is.

• Earman’s account can be bolstered by providing compelling independent

reasons to favord (or l) overr (e.g., see below).

• Unfortunately, even the bolstered version of Earman’s account is

inadequate. I provide a new and improved Bayesian resolution of the

problem of irrelevant conjunction in [17].
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Bayesian Confirmation IX: Eells on Goodman’s “Grue” Paradox

• Eells [12] offers a Bayesian account of the Grue paradox (a.k.a.,
Goodman’s “new riddle of induction”) which trades on the following
property of the difference measure [whereβ, δ are:

β =d f Pr(H1 & E) − Pr(H2 & E), andδ =d f Pr(H1 & ¬E) − Pr(H2 & ¬E)]:

(6) If β > δ and Pr(E) <
1
2

, thend(H1, E) > d(H2, E).

• Neitherr nor l satisfies property (6).

• Eells does provide reasons (as reported in a paper by Sober, see
below) to prefer the difference measured over the log-ratio measure
r, but he does not supply reasons to preferd overl.

• Pending such reasons, Eells’s argument remainsenthymematic.

• Moreover, I will later provide reasons to favorl overd.
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Bayesian Confirmation X: Sober on Goodman’s “Grue” Paradox

• Sober [59] describes a more robust Bayesian account of the Grue paradox
which exploits the following weaker property ofd:

(6′) If H1, H2 entailE and Pr(H1) > Pr(H2), thend(H1, E) > d(H2, E).

• r violates even this weaker condition, butl satisfies (6′).

• In this sense, Sober’s resolution of Goodman’s “Grue” paradox isless

sensitive to choice of measure (i.e., more robust) than Eells’s is.

• And, like Eells, Sober does providesome reasons to preferd to r.

• However, as I explain in my [19] and [21], these reasons (which are
borrowed from Eells) are not very good reasons to preferd to r.

• Like Earman’s account of “Irrelevant Conjunction,” Sober’s account of
“Grue” can be bolstered by providing compelling independent reasons to
favor d (or l) overr (e.g., see below).

SJSU Philosophy Presented @ Konstanz 09/16/02

Branden Fitelson Lectures on Inductive Logic & Confirmation 35✬

✫

✩

✪

Bayesian Confirmation XI: Horwich et al. on Ravens & Variety of Evidence

• The vast majority of Bayesian explications of both the Ravens Paradox
and the confirmational value of varied evidence presuppose the following
(c ranges over individual measures):

(7) If Pr(H | E1) > Pr(H | E2), thenc(H, E1) > c(H, E2).

• The “normalized” difference measures violates (7).a

• Typically, the advocates of such arguments have used eitherd or r in their
arguments (as it turns out,d, r, andl all satisfy (7)).

• None of these authors seems to provide (independent) reasons to prefer
their measures overs (or other measures which violate (7)).

• In my [20] and [21], I propose a novel Bayesian explication of the
confirmational value of varied evidence, based onl (see below).

aSo do Carnap’s [7,§67] relevance measurer(H, E) = Pr(H & E) − Pr(H) · Pr(E), Mortimer’s
[44] measure Pr(E |H) − Pr(E), and Nozick’s [45] measure Pr(E |H) − Pr(E | ¬H).
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Bayesian Confirmation XII: Earman on the Problem of Old Evidence

• Earman [11, pp. 120–121] argues that quantitative Bayesian confirmation
theory, together with the “radical probabilism” of Jeffrey [34] does not suffice
to avoid Glymour’s problem of old evidence [23, pp. 63–69].

• His argument presupposes that Bayesians used to measure degree of
confirmation, and it rests on the following fact aboutd:

(8) If H � E, then Pr(E) ≈ 1⇒ d(H, E) ≈ 0.

• This argument has two flaws. First, (8) does hold ford andr, but it doesnot

hold for l or s (contrary to what Earman suggests [11, p. 243, note 8]).
Second, this argument only applies to the case ofdeductive evidence (H � E).

• As it turns out, we can avoid Earman’s objections, by using ourl instead ofd:

(9) Even if H � E and Pr(E) ≈ 1, l(H, E) can bearbitrarily large.

• As Joyce [35] and Christensen [8] point out,s also satisfies (9).
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Bayesian Confirmation XIII: Attempts to Resolve the Measure-Sensitivity Problem

• There do exist a few general arguments in the literature which aim to rule-out
all but a small class of ordinally equivalent measures (e.g., Milne [43], Good
[25], Carnap [7], Kemeny& Oppenheim [36], and Heckerman [29]).

• Others have given “piecemeal” arguments which attack aparticular class of
measures, but fail to rule-out other competing measures (e.g., Rosenkrantz
[55], Earman [11], Gillies [22], Eells, and Sober [59]).

• In my dissertation [21], I provide a thorough survey of both kinds of
arguments, and I show that none of them is completely satisfactory.

• Most notably, I have seen (in the literaturea) no compelling reasons to prefer
the difference measured over eitherl or s.

• Until such reasons are provided, the arguments of Gillies, Rosenkrantz, Eells,
Horwich et al. will remain enthymematic.

aRecent joint work of Eells& Fitelson in [13] and [14] has filled this gap in the literature.
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Bayesian Confirmation XIV: Tabular Summary of Key Results — So Far

Valid wrt relevance measure:

Argument/Desideratum d? r? l? s?

Deductive Generalization DesideratumK N N Y N

Peirceian Independence-Additivity DesideratumA Y Y Y N

Relevance DesideratumR Y Y Y Y

Rosenkrantz on Irrelevant Conjunction Y N N Y

Earman on Irrelevant Conjunction Y N Y Y

Eells on the Grue Paradox Y N N Y

Sober on the Grue Paradox Y N Y Y

Horwich et al. on Ravens& Variety Y Y Y N

Popper-Miller’sCritique of Bayesianism Y N N Y

Earman’s Old EvidenceCritique of Bayesianism Y Y N N
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Inductive Desiderata I: Symmetries and Asymmetries in Evidential Supporta

• Consider the following two propositions concerning a cardc, drawn at
random from a standard deck of playing cards (classical modelM):

E: c is the ace of spades. H: c is some spade.

• I take it as intuitively clear and uncontroversial that:

1. The degree to whichE supportsH ��� the degree to whichH supportsE,
sinceE � H, but H � E. Intuitively, we havec(H, E) � c(E,H).

2. The degree to whichE confirmsH ��� the degree to which¬E disconfirms
H, sinceE � H, but¬E � ¬H. Intuitively, c(H, E) � −c(H,¬E).

• Therefore,no adequate relevance measure of support c should be such that

either c(H, E) = c(E,H) or c(H, E) = −c(H,¬E) (for all E andH and all
modelsM). I’ll call these two symmetry desiderataS1 andS2, respectively.

• Note: for allH, E, andM, r(H, E) = r(E,H) ands(H, E) = −s(H,¬E). That
is, r violatesS1 ands violatesS2. Both d andl satisfyboth S-desiderata.

aThis slide is drawn from recent joint work of Eells& Fitelson [14].
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Inductive Desiderata II: Independent Evidence (Again) I

• Wittgenstein [60] alludes to a man who is doubtful about the reliability of
a story he reads in the newspaper, so he buys another copy of the same
issue of the same newspaper to corroborate (not a good strategy).

• To fix our ideas, let’s assume that the story in the NYT reports that (H)
the Yankees won the world series. LetEn be the evidence obtained by
reading thenth copy of the same issue of the NYT.

• Intuitively, the degree to whichE2 confirmsH depends on whether E1

has already been observed (or is supposed). [c(H, E2 | E1) � c(H, E2)]

• But, anindependently derived reportE′ (say, one heard on a NPR
broadcast)would corroborate the NYT story [c(H, E′ | E1) = c(H, E′)].

• Intuitively, c(H, E1 & E′) = c(H, E1) + c(H, E′) > c(H, E1), whereas
c(H, E1 & E2) = c(H, E1) = c(H, E2). This is just Peirce’sA again.

• Wittgenstein’s story is aninductive example ofdependent support.
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Inductive Desiderata II: Independent Evidence (Again) II

• How can weprobabilistically explain the epistemic difference between these
two examples? Intuitively, a NYT report (E) and a NPR report (E′) are
independent in a way that two NYT reports (E1, E2) are not.

• It is not that the NYT report and the NPR report are (probabilistically)
independentunconditionally, since hearing the NPR report thatH or ¬H

raises the probability that the NYT will also report thatH (or ¬H).

• As Sober [58] explains, the relevant fact is thatE andE′ are independent —
given that H (or ¬H). That is,once we learn (or suppose) the truth-value of

H, observingE′ no longer raises the probability ofE (in our intuitiveM).

• When this happens, we say thatH screens-off E from E′.

• Learning that someone has a fever raises the probability that they have a
cough, butnot if it’s already known that they have the flu. As Reichenbach
[52] taught us:common causes screen-off their joint effects from each other.
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Inductive Desiderata II: Independent Evidence (Again) III

H

E′

E1 E2

NYT NPR

• H doesnot screen-off E1 from E2 (although perhaps the state of the NYT

printing press just prior to printingdoes screen off E1 from E2).

• On the other hand (provided that there was no communication between

NYT and NPR,etc.), H does screen-off Ei from E′.

• This is the sense in whichE1 andE2 do not provideindependent support

for H (although, perhaps they provide independent evidence about the

state of the NYT printing press!), whileEi andE′ do.
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Inductive Desiderata II: Independent Evidence (Again) IV

• The figure in the previous slide should remind you of the “deductive

networks” we saw in our “deductive” discussion ofindependent evidence.

• Such causal/probabilistic diagrams have becomefamously known as

“Bayesian Networks” [46], [29], [30], [5].

• We write “E1 � E2 |H” as shorthand for “E1 andE2 are independent,

given that H” ( H screens-off E1 from E2). More formally, we have:

E1 � E2 |H iff Pr(E1 | E2 & ±H) = Pr(E1 | ± H).

• Our discussion of Wittgenstein’s example suggests the following

desideratum for relevance measures of supportc, and provides the key to

unraveling the concept of independent inductive support.

(I) E1 � E2 |H ⇒ c(H, E1 | E2) = c(H, E1) andc(H, E2 | E1) = c(H, E2).

• The only relevance measure that satisfiesI is l [20], [29].
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Postscript I: Kolmogorov, Popper, and Confirmation I

• I have been assuming Kolmogorov’s [38] definition of Pr(X |Y). Historically,
several philosophers havenot done so (and for serious reasons).

• Most notably, Carnap [7] and Popper [49] take conditional probability as
primitive and define unconditional probability in terms ofit.

• More recently, our own Alan H́ajek [28] has argued quite forcefully that the
Kolmogorov definition of Pr(X |Y) is inadequate in many respects.

• Popper’s definition of Pr(X |Y) is in many important ways the most general
(see [53] forencyclopedic discussion about conditional probability).

• Popper functions and Kolmogorov functions disagree about Pr(X |Y) only in
cases where Pr(Y | �) = 0. In these cases, Kolmogorov functions are
undefined, but Popper functions are perfectly well-defined.

• This difference may seem insignificant, but it is actuallyvery important, and
hasserious ramifications for Bayesian Confirmation Theory.
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Postscript I: Kolmogorov, Popper, and Confirmation II

• Recall that, on the Kolmogorov theory of Pr, there are manylogically

equivalent ways to say thatE andH are correlated under Pr.

• This lead to manylogically equivalent ways of defining thequalitative

relation of Bayesian confirmation (although, as we have seen, this also lead to

manynon-equivalentquantitative Bayesianmeasures of confirmation).

• On the Popper theory, the following inequalities arenot equivalent (why?).

∗ Pr(H | E) > Pr(H | �).

∗ Pr(E |H) > Pr(E | ¬H).

∗ Pr(H | E) > Pr(H | ¬E).

• This means that, if one adopts Popper’s theory of Pr, one ends-up with many

distinct notions of “correlation” or “independence”, and one also ends-up with

many notions of Bayesian confirmation! Quite a disunifying effect!
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Postscript I: Kolmogorov, Popper, and Confirmation III

• This has not been widely discussed (see [16] for a notable exception).

• Unfortunately, several authors who have recently applied Popper functions in

Bayesian confirmation theory do not seem to be aware of this issue.

• Most notably, Joyce [35] and Christensen [8] both think that using Popper

functions is the key to solving the problem of old evidence.

• In cases of old evidence, Pr(E | �) = 1. Hence, on the Kolmogorov-Bayesian

theory of confirmation,E cannot confirmH (prove this!).

• However, on the Popper-Bayesian theory,E can still confirm H — in one of

themany Popper-Bayesian senses — because Pr(H | E) can be greater than

Pr(H | ¬E) in the Popper theory of Preven if Pr(E | �) = 1.

• Note: if one defines “confirmation” as Pr(H | E) > Pr(H | �), then onestill has

a problem of old evidence —even in Popper-Bayes [18] (prove this!).
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Postscript II: Naive Approach #1 — Revisited

• As I mentioned in a previous slide, Pr(¬H & E) < ε is anecessary condition

for Pr(¬H | E) < ε. As it turns out, Pr(¬H & E) < ε is a much more general
necessary condition than this. The following are all theorems (check these!).

1. d(H, E) > 1− ε ⇒ Pr(¬H & E) < ε

2. r(H, E) > n > 1⇒ Pr(¬H & E) < 1
n

3. l(H, E) > n > 1⇒ Pr(¬H & E) < 1
n

4. s(H, E) > 1− ε ⇒ Pr(¬H & E) < ε

• In other words, Pr(¬H & E) < ε is a necessary condition for “E provides
strong evidence in favor ofH” — on just about any (probabilistic) theory of
strong evidence that anyone has ever proposed (or is likely to propose).

• In this sense, the first Naive Approach is superior to the second (Pr(H | E) < ε
is not a necessary condition forstrong evidence in therelevance sense!).
Naive Approach #1 is more interesting than [57, ch. 2] would have us believe!
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Postscript III: The Four Relevance Measures as Generalizations of δB (Details)

• l(H, E) =



+∞ if E � H, Pr(E) > 0, Pr(H) ∈ (0,1)

0 if E � H, Pr(E) > 0, Pr(H) ∈ (0,1)

−∞ if E � ¬H, Pr(E) > 0, Pr(H) ∈ (0,1)

• d(H, E) =



Pr(¬H) if E � H, Pr(E) > 0

0 if E � H, Pr(E) > 0

−Pr(H) if E � ¬H, Pr(E) > 0

• r(H, E) =



log
[

1
Pr(H)

]
if E � H, Pr(E) > 0, Pr(H) > 0

0 if E � H, Pr(E) > 0, Pr(H) > 0

−∞ if E � ¬H, Pr(E) > 0, Pr(H) > 0

• s(H, E) =



Pr(¬H | ¬E) if E � H, Pr(E) ∈ (0,1)

0 if E � H, Pr(E) ∈ (0,1)

−Pr(H | ¬E) if E � ¬H, Pr(E) ∈ (0,1)
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