Explanations, Hints, and Suggestions for Assignment #2
Revised 03/18/08

These notes help explain the problems and o Lerlsuggestions for how to proceed if you're
stuck. The suggestions give one particular way of solving the problems; feel free to ignore
them and solve the problems your own way.

1 Problem 1

Start by doing the first part, looking for Bob’s violations of probability axioms and theorems
(Bob’s quotients are non-probabilistic in more than one way). On the second part, if you're
having trouble finding a Dutch Book against Bob, try the following:

Look back at the lecture notes where Branden proved the Dutch Book Theorem. See
how he constructed books against agents with probability violations like Bob’s. Try to
build an analogous book against Bob.

If you’'re really stuck, try working backwards. Imagine you already had a book of bets
against Bob’s quotients. Let the stake of the first bet be s;, the stake of the second bet
be s;, etc. Write a table of possible ways the bets could come out, then calculate Bob’s
total payo [for each possible outcome using the formulas from Lecture 11, Slide 12.
Since Bob must lose on every possible outcome if your bets are to constitute a Dutch
Book, each total payo [must be a negative number. Thus you can use your table to
write some inequalities that have to be true for this to be a Book against Bob. Once
you have a set of inequalities, either solve them for the s,s using algebra or use trial-
and-error to find some s, values that satisfy all the inequalities. Finally, translate the
stake values back into actual bets using the formulas from Lecture 11, Slide 12.

On the third part of Problem 1, we’re not looking for anything like a rigorous proof. Just
give a reasonable argument for why you think your answer is correct.

2 Problem 2.1

2.1 The Framework

A credence function g X assigns a real number between 0 and 1 (inclusive) to every propo-
sition in some set B. We can also imagine a “world function” w X that assigns 1 to every
true proposition and 0 to every false proposition. It seems reasonable that the most accu-
rate credence function you could have would be identical to the world function (you would
assign a probability of 1 to every truth and a probability of O to every falsehood!).
Unfortunately none of us is perfect, but we can measure how far our imperfect credence
functions are from the world function. Suppose my credence function is q. We can start by
looking at it one proposition at a time. We define a function such that my inaccuracy for
any proposition X is q X ;w X . To get the inaccuracy of my entire credence function,



we add up the inaccuracies of my credences for individual propositions. So the inaccuracy

of my overall credence function g in world w is
X

I g;w g X ;w X
X2B
For instance, if there are only two propositions in B, A and B, the inaccuracy of my credence
function q is
I g;w qgA;wA gB ;wB

Unfortunately (this kind of thing should be familiar by now), there are many di Cerknt
ways of measuring distance from the truth - in other words, there are many di [Cerent func-
tions that could play the role of . The one you’ll be interested in Problem 2.1 is

Y g X ;w X gX wX 2

Applying this definition to our two-proposition example,

I q;w gA WA 2 gqB wB ?2

2.2 Suggestions for Problem 2.1, Weak Convexivity

In the Weak Convexivity part of Problem 2.1, you've got three credence functions to deal
with: g1, g2, and gs. You're given some relations between the functions and their inaccura-
cies, then are asked to prove some other stu [about the functions. This is going to require
a lot of algebra involving the following quantities:

Q1A w A qlB w B
g A wA g B waB
gs A w A gs B w B

To make the algebra easier and make your work easier to read, it helps to introduce variables
for some of the values in the problem. Interestingly, how you define your variables a [ecks
how di Cculk the algebra turns out to be. For instance, youcouldletx qi: A,y 01 B,
a w A, etc. But personally, | found that the algebra got a lot easier when | defined my
variables as follows:

letgy A w A
letgo A w A
letq; B w B

K x X
)

letgp B wB y b

All the other quantities in this problem can be expressed in terms of these four variables.
To express the g3 quantities, you will need to use the fact that gz %ql %qz.

Now that you have variables, express the givens as equations in terms of those variables.
Next, express what you're trying to prove as a set of equations in terms of those variables.
Then it’s just algebra — use the given equations and a bunch of algebraic moves to get the
equations you’re trying to prove.

Warning: Make sure you don’t at any point in your algebra divide by a variable! Any of
the variables in this problem could equal 0.



2.3 Suggestions for Problem 2.1, Symmetry

Here you’ve only got two credence functions to deal with, q; and qz. Still, it’s helpful to
define your variables the way | suggested defining them in the last problem. Next, use
the variables to write out the given and the prove algebraically. The prove is a bit tricky
notationally; here’s a hint to get you started:

I o 1 dz; W Y a1 A 1 a: A ;w A
y g, B 1 g B ;w B

That will get you started writing out the left half of the prove in terms of the variables -
you'll have to figure out how to write out the right half yourself!

Once you've got both sides of the equation to prove written out, it’s algebra again. The
easiest way to do this one is to start with the prove equation, do a bunch of algebra to sim-
plify it (invoking the given at a crucial step), and show that you wind up with a mathematical
tautology (like O  0). For more on this style of proof, see my algebraic solution to Problem
3 on the solutions sheet for HW#1.

2.3.1 Additional Hints from Raul

We want to prove that forany 2 0;1 ,

| q: 1 aqw | 1 a: d2; W

on the assumption that
Fasw 1 gzw:

Let’s spell out our assumption with the variables suggested in the hints handout:

x2 y? x a? y b#?%

And let’s spell out what we want to prove:

g1 A 1 @A wA ? gL B 1 9. B wB ?

1 g1 A QA wA ? 1 g1 B g» B w B 2

Now, here’s the hint: using algebra, simplify the spelled out version of what we want to
prove to the following:

2 2 2 2

X x a? y b? 1 x* vy X a y b?:

y

Once you've done this, justify why this simplified version of what we want to prove follows
from the spelled out version of our assumption.

That’s the basic idea behind one way of proving that Y satisfies symmetry—now fill in the
details!



2.4 Suggestions for Problem 2.2

Here, you're going to have to compare Y with another distance-from-truth measure called

. Specifically, we want you to give a counter-example consisting of a set of propositions B,
a w function, and two credence functions g and g°. | would strongly suggest using a B that
consists of two propositions, A and B. Before trying to find your counter-example, it might
help to practice messing around with these functions and the two inaccuracy measures.
Just make up a w function and two credence functions over the proposition set TA; Bg, then
calculate IY and | for the example you've created. Try changing one of the values in one of
the functions and see how it a [ecks the inaccuracy measures.

For your counter-example, we want you to give a setup where one of the inaccuracy
measures gives one verdict about g and q° (e.g. q is more inaccurate, q is less inaccurate,
they’ve got the same inaccuracy) and the other measure gives a di Lerknt verdict. | found it
easiest to do this by coming up with a w, g, and q° that meet the following conditions:

g and q° are di Cerkent.
They assign some values that aren’t 1 or O.
One of the inaccuracy measures says they’re equally inaccurate.

If you meet those conditions, you’'re almost guaranteed that the other inaccuracy measure
will say one of the two credence functions is more accurate than the other.

Important Note: To show what we asked you to prove in this question, you not only
have to provide the counter-example; you also have to calculate 1Y and I for both credence
functions to show that the two inaccuracy measures give di Lerent verdicts.



