PrSAT:. Second Examples
Philosophy 148

February 7, 2008

m First, load in the prsat package

See my Pr SAT website for instructions on downloading and installing Pr SAT (assuming you have Mathematica installed).

<< Pr SAT"

m Example #0

Proving a couple of equivalence theorems about independence. First, define a non-equivalence operator (for smpler input):
inf4s):= X_# Y_: =Logi cal Expand[Not [ (XAY) || (! XA1Y)]];
in[s51:= PrSAT[ {

(Pr [XAY] ==Pr [X] PrY]) # (Pr [XA-Y] ==Pr [X] Pr[-Y])
H

PrSAT::srchfail : Search phase failed; attempting FindInstance
outs51= {}
in[s2]:= Pr SAT[

(Pr[XAY] ==Pr [X] PrY]) # (Pr[-XA=Y]==Pr[-X]Pr[-Y])
H

PrSAT::srchfail : Search phase failed; attempting FindInstance

out52]= {1}

s Example #1

The pairwise independence vs mutual independence counterexample involving the labeled tickets.
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NP NP NP

Pr [ XAYAZ] == 0,

Pr [XAY] ==

Pr [XAZ] ==

Eo T N B S ()

PriYAZ] ==

}]

{{X%{alz, as, ae, ag}, Y- {as, as, a7, ag},

Z- {as, as, ary, ag}, Q- {a1, az, as, a4, as, as, ary, ag}},
1 1 1 1

{alef, a -0, az >0, az~>0, as»> —, ag~> —, ar - —, ag%O}}
4 4 4 4

Trut hTabl e [MODEL1]

X|Y|Z|var |Pr
T|T|T|as | O
TIT|F| as %
TIF|T| as %
T|F[F|laz | O
FIT|T|ar |3
FIT|F| as | O
FIE|T| as | O
FIF|F|al |3

We can use Eval uat ePr obabi | i t y to check that this model is a counterexample to the claim in question:

Eval uat eProbabi lity[{
Pr [XAY] == Pr [X] Pr[Y],
Pr [XAZ] =Pr [X] Pr [Z],
Pr[YAZ] =Pr[Y]Pr[Z],
Pr [ XAYAZ] ==Pr [X] Pr[Y] Pr[Z]},
MODEL 1]

{True, True, True, Fal se}

We can use Pr SAT to find aregular countermodel to this claim, asfollows:
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MODEL2 = Pr SAT[{
Pr [XAY] = Pr [X] Pr[Y],
Pr [ XA Z] = Pr [X] Pr [Z],
Pr[YAZ] ==Pr[Y] Pr[Z],
Pr[XAYAZ] #Pr[X]Pr[Y]Pr[Z]}, Probabilities - Regular]

{{X%{alzy as, ae, ag}, Y- {as, as, a7, ag},

Z- {a4, as, a7, ag}, Q- {ai, az, az, as, as, as, ay, as}},

{ 84418 -39V4676097 -42296 + 39 V4676097 -42296 + 394676097
ap — , a2 — , Az —
56277 168831 168831
-42296 + 394676097 1 1 1 42
ag — , dg > ——, dg > ——, A7 > —, 818%7}}
168831 999 999 999 169

Tr ut hTabl e [MODEL2]

X|Y|Z|var Pr
TIT|T| as 2
TIT|F| as s55
TIF|T| as 525

-42296+39 v/4676 097
TIF|F| a 168831
FIT|T| ar 505

-42296+39 V4676097
FIT|F|as 168831

-42296+39 V4676097
FIF|T| as 168831
FIFIF| ay 8441873;96\/2747676097

m Example #2

A counterexample to transitivity of independence. We can use Pr SAT to automatically find such a counterexample:

MODEL3 = Pr SAT[
{
Pr [XAY] == Pr [X] Pr[Y],
Pr[YAZ] =Pr[Y] Pr[Z],
Pr [XAZ] # Pr [X] Pr [Z]
}, Probabilities - Regular]

{{X%{alzy as, ae, ag}, Y- {as, as, a7, ag},

Z- {a4, as, a7, ag}, Q- {ai, az, az, as, as, as, ay, as}},

1 427 71 427 1 1 1 71

{6111%7 2> —————, A3 > ——, A4 > —————, A5 > ——, Adg > ——, A7 > ——, 818%7}}
999 285714 143 285714 999 999 999 143

’
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Trut hTabl e [MODEL3]

X|Y|Z]|var Pr
T|T|T|as | 4
T|IT|F| as 9;—9
TIF|T| as 9;79

427
TIFIF| a2 | 57
FIT|T| a7y 9;79
FIT|F|as | 15

427
FIF|T| as | 35712
FIF|F| a1 | g

We can use Eval uat ePr obabi | i t y to check that this model is a counterexample to the claim in question:

Eval uat eProbabi lity[{
Pr [ XAY] =Pr [X] Pr[Y],
Pr[YAZ] =Pr[Y]Pr[Z],
Pr [XAZ] ==Pr [X] Pr [Z]},
MODEL 3]

{True, True, Fal se}

m Example #3

An example of Smpson's Paradox:

MODEL4 = Pr SAT[
{
PripAglr]l=Prp|rlPrig]|rl,
PripAQ|=-rl1=Pr[p|[-r]IPr[g]|-rl,
PrIpAdl #Pr[p]Pr[q]
}, Probabilities - Regular]

{{pe {az2, as, as, as}, - {as3, as, a7, as},

r - {as, ae, az, ag}, Q- {ai, az, as, as, as, aes, ar, as}l,

12 5 8 49373 1 49373
{811%9*1, az » —, az > ——, A4 as = —, ag

- - —, ag
42 65 46838610 9 2629536

1 15

eg, ag»s—z}

}
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Trut hTabl e [MODEL4]

p|qg|r |var Pr
TIT|T| as =
TIT|F| as 5
49373
TIFIT| as | 562983
T|F|F| as =
FIT|T)| ar =
FIT|F| as =
49373
FIF|T| a4 | ss38610
FIF|F| a1 =

We can use Eval uat ePr obabi | i t y to check that this model is a counterexample to the claim in question:

Eval uat eProbabi lity[{
PripAg|rl=Prp|rlPrig]|rl,
PripAQ|-rl1=Pr[p[-r]Pr[g]-rl,
PripAdl==Pr[p]Priql},

MODEL4]

{True, True, Fal se}

m Example #4

Hacking's "Odd Question #5" — Base Rate Fallacy example:

MODEL5 = Pr SAT|[

{

Pr[E | H] = 0. 8,
Pr[E|-H]=0.1,
Pr [H] == 0. 01

3

{{E > {a2, a4}, H- {a3, as}, Q- {a1, a2, a3, as}}, {a1 >0.891, a» -»0.099, az »0.002, a5 ->0.008}}

Trut hTabl e [MODEL5]

E |H | var Pr

T|T| as |0.008
T|F| a2 [0.099
F|T| as |0.002
FIF| a1 |0.891

We can use Eval uat ePr obabi | i t y to calculate the "posterior” Pr(H | E):
Eval uat eProbabi lity[Pr [H | E], MODEL5]

0. 0747664



